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Abstract

The scope of the thesis is the computational and experimental study of flows
of gaseous mixtures in microchannels. These flows have attracted consider-
able attention in the last years in the scientific community. They can be found
in numerous applications, such as micro-electromechanical systems and vac-
uum devices. Microflows differ from macroscopic flows, which are described
by the equations of fluid dynamics. As the size of the device approaches
the micro-scale, the molecular details of the flows should be considered in
the description. The characterization of the flows requires the consideration
of the distribution function of the molecular velocity and the Boltzmann or
other kinetic equations.

Previous works have almost focused on the flows of single gases. The
behaviour of the flows has been studied theoretically and experimentally.
Model kinetic equations have been solved for flows of single gases in various
channels. Experimental studies have been performed in order to measure
the flow rate in the device. Unlike single gases, there are very few works
on gaseous mixtures. However, in applications, we almost encounter gaseous
mixtures. For this reason, it is useful to study these flows.

The thesis has numerical and experimental parts. The flows are studied
in long and short microchannels. The two types of flow require two dif-
ferent theoretical approaches in the description. Flows in long channels are
described by linearized kinetic models, while flows in short channels are char-
acterized by non-linear kinetic equations. In the numerical part of the thesis,
both types of flow are simulated, while in the experimental part, only flows

in long microchannels are studied.
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1. Computational study of flows of gaseous mix-

tures in microchannels

1.1. Simulation of flows in long microchannels

The flows of gaseous mixtures are simulated on the basis of the McCormack
linearized kinetic model. Since the speed of the flow is small compared to
the characteristic speed of the molecules in long channels, the linearized
description can be used. The McCormack model is considered as the most
advanced method among others. All transport coefficients can be adjusted
for an arbitrary intermolecular potential. In the thesis, the experimental
transport is captured by the realistic potential.

The simulation is divided into two parts because of the geometrical sym-
metry. First, the McCormack model is solved locally at a particular cross
section of the channel for a wide range of parameters, the rarefaction of the
gas and the concentration. The solution is carried out by the discrete veloc-
ity method. An accelerated discrete velocity method is developed for single
gases on triangular grids. It is shown by a stability analysis that the accel-
erated method provides faster solution near the hydrodynamic region. Two
accelerated codes are developed for flows of gas mixtures through triangular
and trapezoidal channels on the basis of the McCormack model. The codes
are used to simulate flows of Ne/Ar, He/Xe, He/Ar and He/Kr mixtures
at various flow parameters. The simulations provide the kinetic coefficients
and other local macroscopic quantities of the flow.

Secondly, the global behavior of the flow, involving the flow rates and
the distribution of the pressure and concentration in the microchannel, is
deduced. The mass and molar flow rates are different for gaseous mixtures
because of the gaseous separation. The light component travels faster than
the heavy species in the channel. First, formulas are derived for estimating

the flow rate by neglecting the separation. Then, a calculator of the molar
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flow rate is developed. This latter method takes into account the gaseous
separation exactly. Representative results are obtained from the simulations.
The flow exhibits the gaseous separation. The distribution of the concen-
tration is not uniform in the channel, even if the downstream and upstream

concentrations are the same.

1.2. Simulation of flows in short microchannels

Flows of gaseous mixtures in short microchannels are described by the non-
linear Boltzmann equation. For short channels, the speed of the flow can be
in the range of the characteristic speed of the molecules, and the non-linear
kinetic equations need to be considered. The simulation is carried out by
the direct simulation Monte Carlo (DSMC). The DSMC is a gaseous model.
The motion of model particles is simulated in the real geometry of the flow.
In the thesis, advanced codes are developed for the simulations. The codes
use weighting zones in order to increase the efficiency of the method. In
addition, they use three-level distribution of the grid near the channels for a
better resolution. The codes are applied for the simulation of flows through
orifices, short tubes and slits. Ne/Ar and He/Xe mixtures are considered in
these studies. Results are obtained for a wide range of gaseous rarefaction,
different concentrations and pressure ratios. The flow rates and the axial
distribution of the macroscopic quantities are analyzed. The mixture exhibits
the gaseous separation. At high rarefaction, the relative flow rate is larger for
the lighter species than the heavier one. The macroscopic quantities exhibit
strong variations near the channel. The velocity of the gas can be as high as
the characteristic molecular speed. There is a drop of the temperature near
the outlet of the channel.
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2. Experimental study of flows of gaseous mix-
tures in long microchannels and comparison to

kinetic calculation

The flow rate of gaseous mixtures in long microchannels is measured. The
experiment is based on the constant volume method. A bunch of microchan-
nels is connected to upstream and downstream reservoirs. The reservoirs are
filled up with the gaseous mixtures at different pressures. The difference of
the pressure drives the flow through the micochannels. The experiment is
carried out under isothermal conditions. The flow rate is determined from
the variations of the pressure in the upstream and downstream containers.
Experiments are performed for flows of He/Ar and He/Kr gaseous mix-
tures through rectangular and trapezoidal microchannels in the transition
and early transition regions.

The experimental flow rates are compared to the solution of the Mc-
Cormack model. The kinetic results are obtained by the method, which is
developed in the numerical part of the thesis. An excellent agreement be-
tween the numerical and experimental flow rates is obtained. The difference
between the results is less than the experimental uncertainty. The distri-
bution of the pressure and the concentration is deduced from the numerical

simulations.

3. Conclusions

In the thesis, flows of gaseous mixtures are studied numerically and experi-
mentally. In the numerical part, a method is developed for the simulation of
flows in long microchannels on the basis of the McCormack model. The flows
in short channels are simulated by the DSMC method. In the experimental

part, the flow rate of gaseous mixtures is measured in long microchannels.



The experimental results are compared to the kinetic calculation. Good
agreement is obtained between the two approaches. It can be concluded that
the McCormack model can be viewed as a viable tool for the description of

isothermal flows of gas mixtures considered in the present work.
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1. Ewcaywyn

O otoyoc g SwTeBhic etvon 1 apiunTied ot TELRUUOTIXT UEAETT POWY OE-
plwv uryudtwy oe wixpoaywyolc. AuTtéc oL poég €Youv TEOCEAXDCEL PEYANO
eVOLPEPOY TaL TEAELTULAL YEOVIXL OTNV ETLOTNHOVIXT| xowoTnTa.  Mmopolv va
Beedolv o TOAES EQUPUOYES, OTWG UXEO-NAEXTEOUNYUVOROYIXE CUCTH TN
%0l GUOXEVES XEVOU. O UIXPOPOESC BLUPECOUY OO TIG UOXQOOKOTUXES POEC, OL
omoleg TEpLyEdpovToL o TIC EELOMOELS TNE XAACOXHE PEVGTOBLVOUXAC. ‘Oung
xodog uéyedog tng ouoxeuic mpooeyyilel TV uixpoxhipoxa 1) xadog N Tieon
Aertovpylag YW VETOL ONUUVTINE XETw Ao TNV ATHOCPULELXT THEST], Ol LOPLOXES
AETTOERELES TV po®Y Vo TEETEL Vo ouumepthouBdvovTtar otny Teprypagr]. O
YAEUXTNELOUOC TV powY amoutel TNV €£€Ta0n TNC CUVIRETNONG XATAVOUNS TNG
Hoptog TayUTnTag xon g e€lowong Boltzmann 1 dAhwv xvntixedy e€lo®oe-
V.

H cuureptpopd twv uixpopomy oe amhd agpta et ueetniel Yewpentind xou
mepopotixd. Kivnuixée eiomoeic €youv Avlel yia Tic po€C TWV PEUOVWUEVLY
agplwV GE BLAPORI XAVIALYL, EVE TELRAUUUTIXEG UEAETEC €YOUV TpayUaTOTOMNUEL
Tpoxeévou vo yeteniel 1 mopoyr| poric ot cuoxeur. e avtldeon ue yepo-
VOUEVOL GEQLL, UTEEYouY TOAU Alya amoperéouata oe ogpta piypato. ‘Ouwc,
OTIC EQPAPUOYES, CLVAVTHUE TOAD LY VA agpLa piypata. o to Adyo autd, ebvon
Yeriowo xou anopaitnTo va ueheTnioly pogg acplwv UryudToy.

H Srotpufn) mepthouBéver aprdumtir xon telpapotins uerétr. MeAetwvton po-
€¢ 0 UEoaYwYOoUS Uxpol Xt UeYdiou uixoug. Ot 800 timoL poric amoutoly

0V0 BlagopeTixéc Yewpnrinéc mpoceyyloeic otny mepypapt. Ol poég oe Uixpo-
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oy wYoUg PEYSAOL UrXOUS TEQLYEAPOVTAL AT TO YOOUUIXE XIVNTIXG UOVTEAD,
EVK oL poEg e oUVTOUN Xavahlo YapaxTnellovial amd Un-yeouUixEc XivNTIXéG
eClowoelg. X1 apriunTnd UEpog TG OLaTe3rC TROCOUOLOVOVTOL Xot oL BUO
TUTIOL POT|G, EVE) OTO TEWUUATIXG UEQOS HOVO Ol POEG OE [ULXPOXAUVIALNL UEYAAOU

unxoue.

2. YTTRoloyYloTiXT) UEAETY PONG AERlLV WULY-

UATWYV O UXpoaYwYoNg

2.1. llpoocopoiwon poNg O UxEoAYwWYOUS UEYIAAOU
wrxoug

Enedr| n toyOtnra g porig elvon Uixpr) o€ UYXELOT UE TNV YoQUXTNEIOTIXY Ta-
YOTNTO TV woplwv eQapuoleTal 1) YEoUUIXY| XN Yewmplor xoL cUYXEXQWEVA
T0 yeuuuwo xvntid poviého McCormack mou dewpeiton we 1o mhéov anote-
AEOUUTIXNG X axEUBEC XVNTIXO UOVTERO OTN TEPIMTOOT TV UERiwY UYUdTwY.
Ebvar raitepa onuovtind 6t pe 1o wovieho Mcopupagx Aol Ol GUVTEAECTEG
UETOPORAS UTOROUY VO TROCUQUOCTOUY YLt v aLJaipeTo BUVIULIXG HOELIXTG
oalMnhenidpaong. Xtn datel3y| epapuoleETon TO TEOYUUTIXG EVOOUOELIXO BUVA-
U0 OTIWE AUTO TEOXVTTEL ATO TELOGUOTOL.

H mpocopoinon ywelleton oe 800 uépn, Aoyw TG YEWUETPXHC CUUUETEIOC.
Apynd, o povtého McCormack emAleton Tomxd GE ULol GUYXEXQWEVT) EY 13-
oLl OLUTOUT| TOU OVAALO) Yo Vel VP YA TORUUETEWY UEAULOTOINCNC ol
ouyxévtpwone plypatoc. H enfhvon mpayupoatomoeiton e tn yédodo twv da-
XELTOV ToyLTATWY. 1To TAdioLo Tng dtateBric N ueodog auth et avaBaduioTel
ovamTUGCOVTAG Evay alydprluo emitdyuvong o Tetywvixd théyuata. H Bei-
TIWPEVT €xDooT NG HEVOB0L ToREyEL ToyUTERT AVOT) XOVTE GTNY LOEOBUVIULXT
meploy . AvamtOyUnxoy xWOXES Yol oywY0oUS TELYWwVIXAC ot Toumel0etd00g

olatourc. O xwdeg ypnoyloroolvTta yioo Ty enthuct tou poviélou McCor-
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mack yio SldQopeS TAUPAUETEOUS apatoTolnong xou cuyxévipwons. Eetdlovtan
o ulypata Ne/Ar, He/Xe, He/Ar xou He/Kr. Ot npocopoidoeic utoroyilouv
TOUG OVOUALOPEVOUS XIVNTIXOUG GUVTEAECTES XOl TIC TOTUXESG UAXPOOXOTUXES TO-
oOTNTES TNG PONG. 1TO TTEMTO OTAOL0 O ToL MEYEUT elvan oe adLdoToTn HoE®T.

210 0elTEQO OTAOLO, ECAYETUL 1) CUVOAIXT| GUUTEQLPORY TNG PONC TOU TE-
P oPBAVEL TN TOROY T XL TN XATUVOUT) TEOTC %o GUYXEVTPWONG XUTA P0G
TOU UXPOXAVOMOU. MMUEIOVETOL OTL 1) woptox?, udla Tou agplou ahhdler xotd
UAXOC TOU aywYoL AOY® TNG UETABOANG TNG OLUYXEVTPMONS TOU UiYHATOS TTOU
ogelAeTal OTO YEYOVOS OTL TO ENAPEL GUOTATIXG TUCLOEVEL TO YR YOPd OTd TO
Bopl cuoTaTind oTO UxEoxavIAL. [ To Aoyo autd ol utoloyiopol Bactlov-
TOL TOV UTONOYLOPOS TV YEUUUOUOPLIX®Y Topoy @V (aptiude owpattdiemy) mou
ToEoEVEL oTadepdg XaTd urxog Tou xavakoL. Eyouv avartuydel 0o pedodo-
hoyleg: 1 mpodTn Bev AauBdvel uTtddn Tov Bl wEloud Eve 1) 0eUTEPT ToL Ebvan
1 TAENG X0 TEQIGGOTERO axE3C CUUTEQLAUUBAVEL TO (POVOUEVO TOU DLay(pEL-
OUOU GTOUS UTOAOYLOUOUS.  AVTITPOCWTEUTING AMOTEAEGUITA TUPOLGLEALoVTOL
yio évar ueydio evpog mapapétenmy. Toviletan 6Tl 1 xatavour| TS cUYXEVTEW-
ong efvat 1 Un OUOLOUOE®T] GTO XAVEAL, OXOUO XL AV Ol CUYXEVTPMOELC Vol OL

(diec oty glcodo xaw €€odo.

2.2. Ilpoocouoiwon pong oe uixpoaywyoLs Uixeol
whxoug

O poéc aepiev YUtV 6 Uixpoaymyols uxeol uixoug yapoxtneilovial and
umiéc torydtnTeS 6TOL N TaUTNTA TS EOTEC UTopel va lvor EVTOC Tou EVEOUC
TWV YAEAXTNELOTIXMY Ty UTHTWV TV popiwy. H enliuorn arotel tnv yovteio-
Tolnomn pe un-ypopuxéc xvnuixéc ellonoelc (eZlowon Boltzmann) # evodhaxti-
%3 TNV epappoyn e uevodou dueone mpocouoiwone Monte Carlo (DSMC).
¥ mopovoa dotelBY) epapudleton 1 dedtepn tpocéyyion. H uédodoc DSMC
TPOCOUOLWVEL T1| POT) UE EVaY optid UTOROYIGTIXWY UopiwY Tou elvol UEYSAOC

oAAG TOAD UixpOTEROC amd TOV TEayUoTixd optdud. Xtr cuvéyela eZetdleTon
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N xbvynon Twv woplwy xal ol cuYXEoUoEC UETAL) TOUS ot PE Tol Totywuato. H
TEMTY] OLOXAG{0 TPOCOUOLOVETAUL VIETEPUIVIOTIXG EVE 1) OEUTEQT OTOYACTIXA.
2 Owteifn, avamTOCCOVTOL TEONYHEVOL XMOOXES YIA TN TEOGOUOIWOT) COMY
OE XUAWVOEXOUS oy wYols, OTOUI Xl OYIoHES. Ol XWOES YETOLLOTOOLY TIG
Cwveg otdiuong, wote va auéniel Ty anoteleopatixdTnTo TNG LEYOB0L Mo
Telo eminedo ToU TAEYHATOC XOVTA 6T XovaMaL yior ptar xaAOTeET avdAuoT. Ou
AWOXES YENOLOTOLOVUVTAL YL TNV TROCOUOIWOT) TNG PONE MEGA ATtd XUALVOELXO-
¢ wixpoorywyolg ue dtdpopa urixn xou oytopéc. Eetdlovton to plypota Ne/Ar
xou He/Xe. Ta anotehéopotor howPdvovtor Yo eupd @doua Tng ToeauéToou
apakwong Tou agplou, YL BLUPORETINEG CUYXEVTPWOELS Xl avahoYlEC TEome.
AvohbovTon oL poég o 1) a&OVIXT) XATAVOUY| TOV UOUXPOCKOTUXDY TOCOTHTWY.
Kow otn nepintowon auth 10 plypo UTOXELTOL GTO QUYOUEVO TOU OLaY WELOUOU.
e vhnhn apaiwor, 1 oyeTiny| poY| elvor UEYAAUTERN Yial TO EAUPED OE GYEDT) UE
70 oUoTUTIXG. Ol HaXPOOXOTUIXES TOCOTNTES EYOLY oY URES TaPUhhaYEC XOVTY
oto xavdiL. H taydtnta tou agpiou umogel va elvar 1600 UPNAY 660 1) yapoXTn-
eLoTh poplonery TayTnToL  TdEYEL Ui TTWoT TG Vepuoxpaolaug xovtd otny

£€000 TOU HAVUALOV.

3. lleipopatiny] UEAETY] PONC OE ULXEOXY W-
YoUg UEYAAOU UNXOLG XA CUYXPLOY] UE UTO-
ANOYLOTIXS ATTOTEAECUAT

Metpdron 1 mapoyr| aeplwy uypdtony o uixpoaywyous ueydiou ufxouc. To
nelpoua Baotleton oty ovoualouevn uédodo «otadepol dyxouy. Mo déoun
TWYV UXQOXAVUALDY CUVOEETOL UE OVAVTT Xt XoTdvTY) DeCoueveés. Apyxd ol de-
Capevég yepilouv Ue Tor aplor ULy ool O BLaPORETIXES TECELS Xa (DIEG CUYXEV-
Tewoeg. H dgopd tne nleong odnyel v pon peou and ta mxpoxavdhia. To

nelpouo Tparypoatomoleiton ot todepuoxpactoxés ouviixes. H oot xadopileton



amod TIC ToROAaYES TNE TeoNg ool avav T xou xaTdvTy doyeta. To metpduato
yivovtar Y Tic poéc tov oepinv urypdtwy He/Ar xaw He/K péow wixpooryo-
YoV e oployovia xan tpaneloetdt| dwtour. To edpog Tou apruod Knudsen
repthopfBdiver T tepLoy ) oAloUnong xan TuAUa TG LETUBATIXAC TEPLOYTC.

To TelpauaTNd ATOTEAEGUOTA CUYXEIVOVTAL UE TAL AVTIOTOLY O UTOAOYLOTIXG
OTWe auTd TeoxOTToLY and TNy enthuon Tou povtéhou McCormack. To xi-
vnTind amotehéopato AauBdvovton amd v pedodo, 1 omolo avanTOCoETAL GTO
oprdunmxd pépoc tne doteBric. H oupgpwvia petadld twv apriuntixdy xou TeL-
EUUOTIXGY poWY Efvar TOAD xohr. H Slapopd uetalld tov arnoteheoudtov elvor
uxpdtepn omd Ty tewpapatixd afefoudtnta Tou extiudton oto 4%. H xatavoun

NG TEONE o TNG OLYXEVTEWONG ECAYETOL Ao TIC ApLIUNTIXES TEOCOUOLWOELC.

4. YUUTERACUATE

211 TopoLoo BLaTELPT, Ol POEC UERIWY ULYHATWY UEAETOVTOL derdunTXd Xal TEL-
eapoTixd. 110 aprdunTind uépog, avantiooeTol Lo uEY0O0C YLl TNV TEOCoUoln-
o1 TNE PONC OE UXEOXYWYOUS UEYIAOL Uixoug Ue Bdon to woviého McCorma-
ck. Ou pogg ot Uixpoarywyolg Uixpol Uxoug TEOGOUOLOVOVTOL antd TNV HEY0d0
DSMC. Y10 melpapotind Yépog, 1 pof) aepiey UYUdTmY UETRUTOL O UXQO0Y 0-
YoUc peydhou uxoug optoymviag xou Tpaneloetdoe dutouric. To nelpapatind
amoteAéoUaTo oLYXpivovTal pe Ta avtioTolyo uTtoloyloTind tou BaciCovta o
Yeouuwer x| Yewpla. TIoAd x| oupgovia emituyydveton petald Twyv 600
mpooeyyioewv. To poviého McCormack pmopel vo dewpniel we éva woiadte-
OU ATOTEAECUATIXG HOVTENO YIOL TNV TEQLYPUPY| LOOVEQUOXQACLAXWDY POWY TV

U0y wY00S UE OLapopd TECTC.
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Résumé francais’

1. Introduction

La sujet de la thése est I’étude numérique et expérimentale des écoulements
des mélanges gazeux dans les microcanaux. L’écoulement gazeux dans les
microsystémes a attiré une attention considérable ces derniéres années dans
les communautés de gaz raréfié et de dynamique des fluides. Ces écoule-
ments peuvent étre trouvés dans des nombreuses applications, telles que les
systémes électromécaniques, des équipements de vide ou la métrologie de
gaz. La caractéristique avantageuse de minimiser les systémes mécaniques ou
électromécaniques est de réduire la consommation. Les écoulements dans les
microsystémes sont différents des écoulements décrits par les équations de
dynamique des fluides. Comme la taille de ’appareil s’approche de 1’échelle
microscopique, la moyenne du libre parcours des molécules devient compa-
rable a la taille caractéristique de 'appareil, telle que le diamétre du mi-
crocanal. Selon leur taille, les canaux peuvent étre classés en nanocanaux,
microcanaux et minicanaux avec des diamétres inférieurs & 1 micrométre,
entre 1 et 10 micromeétres et supérieurs a 10 micromeétrs, respectivement.
La description théorique du micro-écoulement exige I’examen de la fonc-
tion de distribution de la vitesse moléculaire et les équations de Boltzmann
ou d’autres équations cinétiques. En comparant les résultats des approches
cinétiques avec les résultats des expériences, les modéles théoriques peuvent
étre testés et évalués. La description du micro-écoulement peut étre divi-
sée en deux types, selon la longueur des microcanaux. Dans des conditions

normales de fonctionnement, si le canal est long, la vitesse d’écoulement est

IFrench abstract
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faible comparée a la vitesse caractéristique des molécules. En conséquence,
les modéles linéarisés cinétiques peuvent étre utilisés pour décrire 1’écoule-
ment. Si le canal est court, la vitesse de ’écoulement peut étre aussi élevée
que la vitesse caractéristique, et 1’équation de Boltzmann non linéaire doit
étre résolue.

Dans la littérature, les écoulements de gaz seul dans les microsystémes
sont presque connus. Ils ont été étudiés théoriquement et expérimentalement.
Toutefois, il y a trés peu de travaux sur les mélanges gazeux. En conséquence,
il est utile d’étudier ces écoulements. Dans la thése, les écoulements dans les
canaux longs et courts sont considérés. La thése a des parties numériques et
expérimentales, ou la simulation numérique des écoulements et la mesure de
débit du mélange de gaz dans les microcanaux sont effectuées.

Dans la partie calculatoire de la thése, la description de I’écoulement dans
les microcanaux longs est effectuée en utilisant le modéle linéarisé cinétique
de McCormack. Dans cette approche, 'opérateur de collision de 1’équation de
Boltzmann est remplacé par un modele de collision, qui a une expression po-
lynomiale des vitesses moléculaires. Dans le modeéle de McCormack, tous les
coefficients de transport du mélange gazeux peuvent étre ajustés pour les va-
leurs d'un potentiel d’interaction arbitraire. L’avantage du modéle est notam-
ment que les coefficients expérimentaux de transport peuvent étre retrouvés.
La solution du modéle est une tache ambitieuse. Dans la thése, une méthodo-
logie de calcul, une méthode accélérée de vitesse discréte, est développée pour
résoudre le modele de McCormack sur des grilles triangulaires. Ces réseaux
sont adaptés a la description de ’écoulement dans les microcanaux avec des
sections transversales triangulaires et trapézoidales. En utilisant la méthode,
les écoulements de mélange gazeux sont simulés pour différents parameétres de
I’écoulement. Ces simulations fournissent des quantités macroscopiques dans
une section transversale particuliére du microcanal. Les quantités globales de

I’écoulement, les débits et les distributions de pression et de concentration
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le long de I'axe du canal, jouent un role important dans la caractérisation
et la compréhension des comportements de ’écoulement. Pour déduire ces
quantités globales, un calcul du débit d’écoulement est développé. Il résout
le probléme sur la base des informations locales sur une section transversale.
La calcul est utilisé pour déduire les débits des différentes configurations. Il
est démontré que le mélange se sépare dans le canal. Les différentes compo-
santes s’écoulent avec des vitesses différentes. Les écoulements de mélanges
gazeux dans les microcanaux courts sont simulés en utilisant la simulation
directe Monte Carlo. Des codes avancés avec des zones de pondération et
des grilles multi-niveaux sont développés. Les codes sont utilisés pour simu-
ler ’écoulement de mélanges de gaz nobles dans les microcanaux courts pour
des parametres différents, impliquant la composition du gaz, la concentration,
le rapport de pression et la raréfaction du gaz.

La partie expérimentale de la thése est axée sur la mesure des débits
dans les microcanaux longs. Les résultats expérimentaux sont comparés aux
résultats obtenus par la solution du modéle McCormack. La méthode de
vitesse discréte est appliquée pour résoudre le modéle a une section trans-
versale particuliére. Ensuite, ces informations sont utilisées pour déduire le
débit par le calcul. La mesure de débit est basée sur la méthode de volume
constant. C’est la technique la plus appropriée pour les microcanaux parce
que les débits relativement faibles dans les microsystémes peuvent étre me-
surés commodément par la méthode. L’appareil expérimental se compose des
réservoirs en amont et en aval et du microsystéme. Pendant la mesure, le gaz
circule du conteneur en amont au conteneur en aval a travers les microca-
naux. Pendant la mesure, les variations de la pression dans les deux réservoirs
sont mesurées et détectées. A partir de la pression, le débit & travers le mi-
crosystéme est déterminé en utilisant ’équation d’état. Des mesures dans les
microcanaux rectangulaires et trapézoidaux pour les mélanges de gaz nobles

sont effectuées. Les débits sont comparés a des calculs cinétiques. La raré-
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faction correspond au régime de glissement et de début de transition. Mais
les résultats expérimentaux a plus haute raréfaction sont également utilisés
pour la comparaison. L’écart est inférieur a l'incertitude expérimentale, mais
il peut la dépasser pour les cas de raréfaction élevée. Globalement, un trés
bon accord entre les débits théoriques et expérimentaux est obtenu. Le bon
accord démontre I'utilité du modéle de McCormack pour décrire I’écoulement
isotherme dans les microcanaux pour les valeurs de paramétres considérés.

Dans les sections suivantes, les résultats de la thése sont résumés.

2. Simulation des écoulements des gaz binaires

raréfiés dans les microcanaux

2.1. Les écoulements dans les microcanaux longs

Dans la thése, les écoulements de gaz binaires dans des microcanaux longs
ayant des sections transversales rectangulaires, triangulaires ou trapézoidales
sont étudiés. L’axe du canal se trouve le long de la direction 2/, tandis que la
section transversale est dans le plan (2,9'). Le canal est situé entre les réser-
voirs en amont A et en aval B, qui contiennent le gaz aux pressions P4, Pg et
aux concentrations C'4, C'g d’entrée et de sortie. Les pressions en amont et en
aval sont différentes, P4, > Ppg, mais les concentrations correspondantes sont
les mémes. Par conséquent, la différence de pression entraine la circulation
de l'entrée du canal a sa sortie. Le gaz est dans des conditions isothermes.

L’écoulement est caractérisé par le parameétre de raréfaction

PL
0= 07 (1)

Ko
ou P est la pression, Lo est la longueur caractéristique du probléme, telle que
le diameétre hydraulique du canal, p est la viscosité et vy est la vitesse carac-

téristique moléculaire. L’inverse du parameétre de raréfaction est le nombre
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de Knudsen, Kn = 1/§, comme défini ici. L’étude se référe a l'ensemble
du spectre de raréfaction du gaz. Dans ces conditions, le comportement de
I’écoulement, la vitesse locale du gaz, le débit & travers le microcanal et les
distributions de la pression et de la concentration, sont déterminés.

Pour les écoulements dans les canaux longs, la vitesse du gaz est faible par
rapport a la vitesse caractéristique moléculaire. En conséquence, la descrip-
tion linéarisée peut étre utilisée. En outre, les coordonnées dans la section
transversale locale du canal peuvent étre séparées de la coordonnée axiale
en raison de la géométrie spécifique. En conséquence, ’analyse de 1’écoule-
ment est divisée en deux parties. Tout d’abord, I’écoulement est calculé dans
une section transversale particuliére du canal en supposant connues les forces
motrices locales. Deuxiémement, le comportement global de 1’écoulement, y
compris les débits et les distributions de la pression et de la concentration,
est résolu.

Pour le probléme considéré, I’écoulement gazeux est piloté par les gra-

dients locaux de pression et de concentration

OP 1 oC 1
5P Xe = 50 (2)

ou z = 2’/ L¢ est la coordonnée sans dimension. Deux flux thermodynamiques

Xp =

Jp et Jp sont introduits pour décrire les débits par

Jp = // niuy + nguy)da'dy’, (3)

Jo = — 1//(u — uh)da'dy, (4)

ol n, et u,, sont la densité molaire et la composante axiale de la vitesse de
I’espéce «, et l'intégration se référe a la section transversale du canal. Ces

flux sont reliés aux gradients par
Jp = AppXp +ApcXc, Jo=AcpXc+ AocXo. (5)

Ici, App, Apc, A\cp et Acc sont les coefficients cinétiques. Ils dépendent de la

concentration locale du gaz et du paramétre de raréfaction. A partir des flux
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thermodynamiques, les débits molaires des composants peuvent étre calculés

par
Ji=—Clp+(1-C)e, Jo=—(1—C)Jp— Jo). (6)

Les débits molaires sont des quantités importantes dans I’étude globale. Pour
les obtenir, ’écoulement dans une section transversale particuliere du canal
doit étre résolu. Le calcul donne les coefficients cinétiques. Le calcul est effec-
tué pour toute la gamme de la concentration de gaz et de raréfaction. Il est
a noter que les coefficients App, Apc ou Acp, A\cc sont obtenus a partir d’un
écoulement piloté par la pression ou la concentration. Par conséquent, dans
le calcul, les écoulements locaux générés par les distributions de pression et
de concentration sont calculés séparément.

La modélisation du probléme de I’écoulement est réalisée a 1’échelle ciné-
tique. Comme la vitesse du gaz est petite, des équations cinétiques linéarisées
sont utilisées. La variable principale a I’échelle cinétique est la fonction de dis-
tribution de la vitesse moléculaire, qui est donnée par f,(v,r) pour l'espéce
« dans des conditions stables, ol le processus est indépendant du temps. Ici,
v et r désignent la vitesse moléculaire et la coordonnée. La fonction de distri-
bution est linéarisée selon fo(v,7) = f2[1+ha(v, )], out f2 est la distribution
a léquilibre et h, (v, r) représente I’écart a I’équilibre. Les quantités macro-
scopiques du gaz peuvent étre calculées comme les moments de la fonction
de distribution. La fonction de distribution obéit a des équations cinétiques,
qui sont des équations aux dérivées partielles.

Le mélange gazeux est décrit par le modeéle linéarisé McCormack ci-
nétique. L’équation cinétique pour un écoulement généré par une pression
(Xp =1,X¢ = 0) ou une concentration (Xp = 0, X¢ = 1) uniforme dans la

section transversale du canal est donnée par

onY oh)
Cou pe + Cay oy waZLQBh cazna ) (7)
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Ici, Lag est V'opérateur de collision de McCormack, © = 2//Le,y = y'/Le
sont les coordonnées sans dimension, Cqz, Cay €t o, sont les composantes selon
x,y et z de la vitesse moléculaire sans dimension, 'indice ¢ est égal & P ou

C pour les écoulements générés par gradient de pression ou de concentration

et
Sy {9+1‘C} 5 ®)
m [T Y2

oll m,, m sont la masse molaire des espéces et la masse moyenne, tandis que

Yo €st une fréquence de collision pour 'espéce . De plus, 17§P) =1, nép) =1
et ngc) =1, néc) = —C//(1 — C) pour les deux types d’écoulement. Le terme

de collision dans le modeéle de McCormack dépend de la vitesse, du tenseur
de pression et du flux de chaleur des espéces gazeuses. Ces quantités sont
obtenues comme les moments de la fonction de perturbation.

Afin d’obtenir les quantités locales hydrodynamiques du gaz et les coef-
ficients cinétiques, le modéle de McCormack est résolu par la méthode de

vitesse discréte.

2.1.1. La méthode accélérée de vitesse discréte

Dans la méthode de vitesse discréte, la solution de 1’équation cinétique
est obtenue en rendant faisant les espaces de vitesses moléculaires et co-
ordonnées spatiales discrets. Les équations discrétes résultantes sont ensuite
résolues numériquement. Dans la these, une méthode accélérée de vitesse dis-
créte est développée sur des grilles triangulaires pour un calcul efficace. Ces
grilles peuvent étre utilisées pour décrire les écoulements dans des canaux
de sections transversales triangulaire et trapézoidale. Le schéma accéléré est
différent de la méthode standard dans le sens qu’il fournit une solution plus
rapide prés de la région hydrodynamique peu raréfiée. L’accélération peut
augmenter considérablement l'efficacité de la méthode. La méthode accélérée

est développée pour les gaz seuls et les mélanges de gaz. Dans la suite, la
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méthode pour le cas du gaz seul est briévement décrite et le cas du mélange
de gaz est alors considéré.

L’écoulement de gaz simple généré par pression est considéré dans une
section transversale particuliére du canal triangulaire. La coordonnée spatiale
dans la section transversale du canal est notée & = (x1,22). Le gaz est

modélisé par ’équation cinétique Bhatnagar-Gross-Krook par
c- VU e, 0,2) + 61 (c,6,@) = SFQ(x) + S(@) (9

Ici, f#1/2)(¢c, 0, z) désigne la fonction de distribution réduite, ¢ = (c, 6) est la
vitesse moléculaire donnée en coordonnées polaires, Fo(tg(ac) est la vitesse du
gaz le long de I'axe du canal, S(x) est un terme source, qui vaut —1/2 pour
les écoulements générés par pression et ¢ est I'indice d’itération dans le calcul
de vitesse discréte. Il est a noter que la fonction de distribution réduite peut
étre obtenue a partir de la fonction de perturbation en éliminant la vitesse
axiale moléculaire afin de simplifier le probléme. La vitesse macroscopique

du gaz est obtenue comme le moment de la fonction de distribution

1 27 [e%¢]
Féle)(m) = ;/0 /0 FEHY2 (e, 0, x) exp(—c?)ededs. (10)

Une condition aux limites diffuse est appliquée a la paroi et le débit est
calculé lors de la simulation. Le probléme est résolu de maniére itérative
comme indiqué par l'indice t. En supposant connue la vitesse du membre
droit de I’équation cinétique, la fonction de distribution est calculée a partir
du membre gauche. En utilisant la deuxiéme équation, la vitesse est alors
déduite pour la prochaine étape de l'itération. L’itération est terminée si
la différence entre les valeurs suivantes du débit est inférieure & une valeur
donnée.

L’approche ci-dessus est l'itération standard et peut étre lente a faible

niveau de raréfaction (grand ¢§). Afin d’accélérer la solution, une équation de
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moment supplémentaire est introduite selon
t+1
AFy ™ () =

1 1
— SO E P (@) = S0, R (@) — 00,00, FY (@) — 65 (x). (1)

ou les quantités Fh, Foo et F; sont les moments d'Hermite de la fonction
de distribution. Dans 'itération améliorée, les moments d’Hermite sont cal-
culés & partir de la fonction de distribution donnée par la premiére équation.
Ensuite, la vitesse pour la prochaine étape d’itération est obtenue par la
solution de la troisieme équation.

La solution particuliére des équations ci-dessus est effectuée en discré-
tisant les espaces de vitesse moléculaire et de coordonnées. Les équations
discrétes sont résolues numériquement par un ordinateur. Les valeurs de la
fonction de distribution et les moments macroscopiques pertinents sur les
points du maillage sont stockés dans la mémoire. Dans chaque étape d’itéra-
tion, les équations différentielles réelles sont résolues. L’itération est répétée
jusqu’a ce que le résultat final soit atteint.

L’itération améliorée accélére considérablement le processus de la solu-
tion. Afin de montrer I'amélioration du processus d’itération, une analyse
de stabilité est développée pour les équations cinétiques discrétes. L’analyse
examine ’évolution des modes de Fourier dans le processus d’itération. Il est
montré théoriquement que le schéma accéléré a un meilleur comportement de
convergence par rapport a l'itération standard dans le cas des grandes valeurs
du paramétre de raréfaction. Des simulations sur ordinateur pour des écoule-
ments dans des canaux triangulaires équilatéraux sont exécutées aussi pour
étudier la performance d’itération. Il est constaté que le nombre d’itérations
nécessaire pour obtenir un résultat convergent est plus petit a faible niveau
de raréfaction pour la méthode accélérée. En régle générale, pas plus d’une
centaine d’itérations est nécessaire pour obtenir des résultats typiques en

utilisant le schéma accéléré. Au contraire, le nombre requis d’itérations peut
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étre de plusieurs milliers pour 6 = 50 en appliquant la méthode standard.
Le temps de calcul requis peut étre de quelques milliers de secondes pour la
méthode accélérée, mais il peut étre plus grand que cent mille secondes pour
la méthode standard pour § = 50.

Les méthodes accélérées de vitesse discréte sont développées aussi pour
la solution du modeéle de McCormack. Dans ce cas, les équations de mo-
ments supplémentaires sont introduites d’une maniére semblable que pour
le modéle Bhatnagar-Gross-Krook. En particulier, deux codes pour canaux
triangulaires et trapézoidaux sont développés. Ces codes sont utilisés pour
résoudre le modéle cinétique de McCormack pour les écoulements des mé-
langes Ne/Ar et He/Xe générés par pression et concentration dans toute la
gamme de concentration et de raréfaction du gaz pour les sections transver-
sales triangulaires et trapézoidales. Ces calculs fournissent des quantités de
dynamique des fluides dans la section transversale du canal et les coefficients
cinétiques. Des simulations similaires sont menées pour les mélanges He/Ar
et He/Kr. Ces résultats sont utilisés dans la partie expérimentale de la thése

pour faire la comparaison entre théorie et expérience.

2.1.2. Les débits et le comportement global

Dans les applications, les débits a travers le systéme sont des quantités im-
portantes. Le débit peut étre défini comme le débit massique ou molaire. Ces
deux quantités adimensionnelles sont identiques pour les gaz seuls, puisque
la masse du gaz est proportionnelle au nombre de moles. Toutefois, les deux
quantités sont différentes pour les mélanges gazeux en raison de la séparation
du gaz. Les différentes espéces du gaz s’écoulent avec des vitesses moyennes
différentes dans le canal. Habituellement, les espéces plus 1égéres ont des vi-
tesses plus grandes. En raison de la séparation du gaz, les débits massiques
et molaires ne sont pas simplement proportionnels comme dans le cas d’un

gaz seul. La séparation du gaz entraine la non-uniformité de la concentration
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du gaz dans le canal. Méme si les concentrations a l’entrée et la sortie sont
les mémes, la concentration varie le long de 1’axe du canal.

Dans la thése, d’abord, des formules approximatives sont développées
pour déduire le débit massique pour les écoulements générés par pression ou
concentration. Dans ’écoulement généré par pression, les effets de diffusion,
donc la variation de concentration, sont négligés. Pour 1’écoulement généré
par concentration, la variation de pression le long de ’axe du canal est né-
gligée. La formule est fondée sur les flux thermodynamiques Jp et Jo. Les
gradients locaux sont remplacés par les différences globales de pression ou de
concentration entre l'entrée et la sortie du canal. De cette fagon, les coeffi-
cients cinétiques moyens sont introduits et utilisés dans la formule du débit
massique.

Deuxiémement, une méthodologie exacte est développée afin de déduire
le débit molaire des espéces a travers le canal en tenant compte de la sépa-
ration du gaz. En utilisant les flux thermodynamiques Jp et Jo, les débits
molaires des espéces sont exprimés par les gradients locaux de pression et de

concentration. En conséquence, les débits molaires peuvent étre écrits par

L. PALe
YT m(C)ue(O)L
oP 1 aC 1
[(CAPP + (1 —-C)Acp) 2P (CApc + (1= C)Aco) %5} , (12)
o PALe
27 m(C)w(O)L
P 1 aC 1
(1 — C) [(APP - ACP) 92 F + (APC - ACC) %5} ’ (13>

ou A’ est la surface de la section transversale du canal, L la longueur du
canal et 2 = 2/ L la coordonnée sans dimension le long de 1’axe du canal. En
raison de la conservation du nombre de particules, les débits molaires sont
constants.

Les deux équations ci-dessus forment un systéme d’équations différen-

tielles ordinaires pour les distributions de pression et de concentration. Les
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pressions et les concentrations a l'entrée et la sortie constituent des condi-
tions aux limites. L’équation ci-dessus est résolue pour les configurations
d’écoulement particulier en utilisant la base de données des coefficients ciné-
tiques obtenue a partir de la solution du modéle cinétique de McCormack.
Il se trouve que pour un débit généré par pression, le mélange présente une
distribution de concentration non uniforme. Ainsi, le débit est affecté par la
séparation gazeuse. Le calcul fournit aussi la distribution de pression, qui suit
presque le comportement typique d'un gaz seul généré par pression. Lorsque
la raréfaction est élevée, le profil de pression est presque linéaire, tandis que
lorsqu’elle est faible, il est non-linéaire & cause des effets de compressibi-
lité. Le calcul de débit est aussi utilisé pour la comparaison entre théorie et

expérience.

2.2. Les écoulements dans les microcanaux courts

Les écoulements de gaz binaires raréfiés dans les microcanaux courts sont
analysés. L’axe du canal se trouve le long de la direction z’, tandis que la
section transversale est située dans le plan (y/,2). Le microcanal est placé
entre les réservoirs en amont A et en aval B contentant un mélange gazeux
aux pressions et concentrations Py, Pg et Cy4, Cp, respectivement. Il y a une
différence de pression entre les deux réservoirs, P4 > Ppg, ce qui entraine
I’écoulement dans le microcanal, mais les concentrations sont égales dans les
deux réservoirs. La température du gaz Tj est maintenue constant dans les
réservoirs et sur les parois du canal.

Le paramétre de raréfaction ¢ est introduit aussi pour décrire I’écoulement
de la méme maniére que pour le canal long. Le paramétre de raréfaction §4
et la concentration C'4 en amont sont utilisés comme valeurs de référence

pour caractériser I’écoulement. Dans ces conditions, nous nous intéressons
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aux débits sans dimension des espéces gazeuses a travers le canal

1 /g
= 14
Ja ot ; ﬁ nauaxdy dz y ( )

ol ng est la densité molaire totale dans le réservoir amont et l'intégration

se réfere a la section transversale du canal. Les quantités macroscopiques de
dynamique des fluides, la densité, la vitesse et la température, sont déduites
aussi de I’étude. Dans le cas du canal court, lorsque la longueur du canal est
comparable a son diamétre hydraulique, la vitesse du gaz peut étre dans la
méme gamme que la vitesse caractéristique moléculaire. Dans ce cas, I'équa-
tion de Boltzmann non linéaire doit étre utilisée pour décrire 1’écoulement.
L’équation de Boltzmann est résolue par 'application de la méthode de si-
mulation directe de Monte Carlo (DSMC). Dans la DSMC, le mouvement
de particules modéles est modélisé dans le domaine de 1’écoulement. Le do-
maine spatial est divisé en une série de cellules. Le transport des particules
est modélisé selon des phases de mouvement et de collision. Dans 1’étape de
mouvement, les particules modéles se déplacent le long de trajectoires droites,
conformément & leur vitesse. Dans ’étape de collision, la collision entre les
particules est simulée. Il y a aussi une étape d’échantillonnage, lorsque les
quantités macroscopiques sont calculées dans les cellules. La DSMC donne
un modéle du gaz. L’avantage de la méthode est sa simplicité. Elle peut étre
utilisée avec succes pour les écoulements & haute vitesse, lorsque la dispersion
statistique des quantités macroscopiques est relativement faible.

Dans la these, des codes avancés de DSMC sont développés pour simuler
I’écoulement de gaz binaires raréfiés dans des tubes courts avec différentes
longueurs et a travers des fentes. Ces codes appliquent des zones de pondé-
ration afin de réduire la dispersion statistique et utilisant des distributions
de grille a trois niveaux a proximité du canal pour une meilleure résolution.
Le modéle de collision de sphére dure est mis en ceuvre dans les codes.

Des simulations sont réalisées pour des écoulements de mélanges Ne/Ar

et He/Xe a travers des microtubes et des fentes dans une large gamme de
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Le débit total sans dimension de He/Xe en fonction de 64 pour Cy = 0.5,
Pg/P4y = 0.1 et différentes valeurs de L/R.

raréfaction du gaz et de concentration du mélange et a des valeurs différentes
du rapport de pression Pg/P,4. Les débits des espéces gazeuses et du mélange
et la distribution axiale de densité, de vitesse et de température sont déduits
des simulations.

Des résultats intéressants sont obtenus & partir de ces études. L’effet de
séparation du gaz est observé sur les débits des espéces. Lorsque la raréfaction
augmente, les espéces du gaz deviennent plus indépendantes en raison de
la réduction des collisions intermoléculaires, et le débit de 'espéce légéere
devient plus grand que celui de ’espéce lourde. Les mélanges avec un rapport
de masses plus grand présentent une séparation du gaz plus forte. Dans la
Fig. 0, le débit total J = J; + J; est représenté en fonction du parameétre
de raréfaction pour des valeurs différentes du rapport L/R de la longueur
de canal sur le rayon, pour les écoulements de mélange He/Xe dans des
microtubes. On remarque que pour les tubes courts le débit augmente lorsque
le paramétre de raréfaction décroit, mais pour les tubes plus longs le débit
s’approche des courbes typiques de canaux longs. Pour les plus longs tubes, le

minimum de Knudsen se présente a une valeur particuliére de la raréfaction.
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La distribution axiale de densité, de vitesse et de température du gaz est
aussi analysée. De cette étude, on peut conclure que les quantités macrosco-
piques montrent de fortes variations prés du canal. Les profils de densité dé-
pendent des espéces, ce qui est la preuve de la séparation du gaz. Les vitesses
axiales sont non nulles dans la région du canal. Pour un niveau de raréfaction
fini, la vitesse de I'espéce légére est plus grande que celle de 'espéce lourde.
La vitesse augmente avec la chute de pression, et elle peut dépasser la vitesse
caractéristique moléculaire. Il y a une chute de température prés de la sortie
du canal, qui est causée par la détente rapide du gaz dans le réservoir aval.
Pour résumer, les simulations des écoulements de gaz binaires raréfiés dans

les microtubes courts donnent une idée du comportement de ces écoulements.

3. Etude expérimentale des écoulements de
mélanges gazeux dans des microcanaux longs

et comparaison avec le calcul cinétique

Les écoulements des mélanges gazeux dans les microcanaux longs sont
étudiés expérimentalement. Le débit du gaz a travers le microsystéme est
mesuré et comparé aux résultats du modéle de McCormack. La mesure du
débit est basée sur la méthode de volume constant. La configuration de I’écou-
lement est la méme que celle décrite dans la paragraphe sur la simulation de
canaux longs. La disposition de 'appareillage expérimental est montrée sur
la Fig. 0. Le dispositif expérimental compare les réservoirs amont A et aval
B, et le microsystéme uS. Le microsystéme est raccordé aux réservoirs par
les vannes VA2 et VB2. L’ensemble est situé dans une chambre plastique
isolée thermiquement. Des modules Peltier sont utilisés pour maintenir des
conditions isothermes a l'intérieur de la chambre. La température est sur-

veillée en permanence. La pression dans les réservoirs est mesurée par des
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capteurs capacitifs Inficon. Les signaux de température et de pression sont
relevés par un ordinateur pendant la mesure. Le débit dans le microsystéme
est entrainé par la différence de pression entre les réservoirs amont et aval.
Dans la méthode de volume constant, le débit est déterminé par la variation
de pression dans les réservoirs.

La mesure réelle du débit est un processus en trois étapes. Avant la me-
sure, ’ensemble du circuit peut étre mis au vide par une pompe a vide VP.
Dans la premiére étape, le circuit est rempli avec le mélange gazeux a la pres-
sion de sortie Ppg, issue d'une bouteille du gaz comprimé G. Ensuite, la vanne
VA2 est fermée et le débit éventuel de fuite ou de dégazage dans le circuit B
est mesuré. Le récipient A est rempli avec le gaz a la pression d’entrée Pj,.
Une fois la régulation thermique atteinte, la vanne VA2 est ouverte et le gaz
s’écoule a travers les microcanaux. Dans cette étape, le débit est déterminé.
Enfin, le circuit est rempli avec le gaz a la pression d’entrée P4. La vanne
VB2 est fermée et le débit éventuel de fuite ou de dégazage est mesuré dans
le circuit A. Les débits de fuite ou de dégazage dans les premiére et troisiéme
étapes sont utilisés pour corriger le débit obtenu dans la deuxiéme étape. De
cette fagon, 'effet éventuel des fuites ou du dégazage est pris en compte dans
le résultat. Le débit final expérimental considéré est la moyenne de la valeur
corrigée des débits en amont et en aval.

Dans 'expérience, les deux débits J§ et J5 sont déterminés a partir de
la variation de la pression dans les réservoirs A et B. Ils sont déduits de
I’équation d’état. En conséquence, le débit peut étre calculé & partir de la
dérivée temporelle de la pression. L’incertitude globale expérimentale de la
mesure est de £4%. Cependant, cette valeur est modifiée a raréfaction élevée
(Pp = 2kPa), lorsque 'effet de fuite ou de dégazage n’est pas négligeable.

Le débit des mélanges gazeux He/Ar et He/Kr dans des microcanaux
rectangulaires et trapézoidaux longs est mesuré. Le microsystéme est consti-

tué d’'une série de microcanaux paralléles afin d’augmenter le débit. Pour le
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La disposition du banc d’essais pour la mesure du débit.

mélange He/Ar, des expériences avec les concentrations de 10%, 30%, 50%,
70%, 90% et avec les gaz seuls He, Ar sont réalisées. Pour le mélange He/ K,
la concentration est de 50%. Les expériences sont réalisées avec les pressions
fixées en aval mais a des valeurs différentes du rapport de pression. Les pres-
sions aval sont 15.2kPa, 8k Pa et 15.1k Pa, 8.05k Pa pour les canaux rectangu-
laires et trapézoidaux, respectivement. Les débits expérimentaux sont com-
parés aux résultats du calcul cinétique. Une étude comparative avec d’autres
résultats expérimentaux est également faite pour les mélanges He/Ar. Dans
ce cas, la pression en aval est 15kPa et 2k Pa.

Afin d’illustrer les résultats expérimentaux et I’étude comparative, les dé-
bits sont indiqués pour un microcanal rectangulaire de hauteur H = 1, 15um,
de largeur W = 21um et de longueur L = 5mm dans les tableaux 0 et 0 pour
Pp = 15.2kPa et Py = 8kPa, respectivement, pour des mélanges He/Ar et
He/Kr. Dans ces tableaux, les colonnes présentent dans I’ordre les pressions
d’entrée et de sortie, le rapport de pression, le nombre de Knudsen moyen,
le débit expérimental d’entrée et de sortie, le débit final expérimental, la
différence A, = (1 — J5/J5) entre les débits d’entrée et de sortie, le débit

numérique, et P'écart A = 100(1 — J¢/J) entre les débits numériques et ex-
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Débits de mélange He/Ar a différentes valeurs de la concentration (en haut)
et He/Kr a Cy = 0.5010 (en bas) en fonction du rapport de pressions a
Pp = 15.2kPa.

Pa(kPa) Pg(kPa) Pa/Pg Kng J§(mol/s) Jg(mol/s) J°(mol/s) A°  J(mol/s) A
Ca=0.0

45908 15200 3.02 0.23  2.26e-11 2.24e-11 2.25e-11 -1.02 2.25e-11  -0.03
59198 15200 3.89 0.19 3.60e-11 3.47e-11 3.53e-11 -3.69 3.46e-11  -2.12
73582 15200 4.84 0.16 4.91e-11 4.88e-11 4.89e-11 -0.45 4.94e-11 0.86
89571 15200 5.89 0.13 7.18e-11 6.94e-11 7.06e-11 -3.45 6.79e-11  -3.94
104238 15200 6.86 0.12  8.95e-11 8.89%¢-11 8.92e-11 -0.62 8.69e-11  -2.65
Cyp~0.1

45809 15201 3.01 0.24 2.40e-11 2.34e-11 2.37e-11 -2.84 2.40e-11 1.31
59232 15200 3.90 0.20 3.7le-11 3.75e-11 3.73e-11 1.01 3.68e-11 -1.56
73603 15200 4.84 0.17 5.13e-11 5.12e-11 5.13e-11 -0.06 5.20e-11 1.47
89424 15199 5.88 0.14 7.26e-11 7.09e-11 7.17e-11 -2.52 7.08e-11 -1.26
104225 15202 6.86 0.12  9.33e-11 9.27e-11 9.30e-11 -0.67 9.04e-11  -2.82
Cx>~0.3

44327 15199 2.92 0.28 2.59e-11 2.54e-11 2.56e-11 -2.27 2.63e-11 2.62
59292 15200 3.90 0.23  4.36e-11 4.21e-11 4.28e-11 -3.43 4.19e-11  -2.27
74553 15200 4.90 0.19 6.19e-11 6.17e-11 6.18e-11 -0.28 5.95e-11  -3.88
89629 15200 5.90 0.16 8.17e-11 7.90e-11 8.03e-11 -3.43 T7.87e-11 -2.12
104034 15200 6.84 0.14 9.84e-11 9.82e-11 9.83e-11 -0.22  9.88e-11 0.47
Cxp>~0.5

45217 15200 2.97 0.33  3.13e-11 3.06e-11 3.09e-11 -2.51 3.22e-11 3.93
60197 15201 3.96 0.26 4.86e-11 4.78e-11 4.82e-11 -1.81 4.98e-11 3.23
74279 15201 4.89 0.22 6.59e-11 6.60e-11 6.60e-11 0.27 6.79e-11 2.90
89125 15200 5.86 0.19  9.00e-11 8.90e-11 8.95e-11 -1.13 8.86e-11  -1.09
104034 15200 6.84 0.16 1.13e-10 1.11e-10 1.12e-10 -1.26 1.11e-10  -0.80
Ca~0.7

45823 15200 3.01 0.39 3.92e-11 3.79e-11 3.85e-11 -3.36  4.00e-11 3.72
59504 15200 3.91 0.32 5.82e-11 5.67e-11 5.74e-11 -2.61 5.89%e-11 2.53
74071 15200 4.87 0.27 7.97e-11 7.80e-11 7.89e-11 -2.11 8.05e-11 1.99
89356 15200 5.88 0.23 1.02e-10 1.00e-10 1.01le-10 -1.63 1.05e-10 3.72
104103 15200 6.85 0.20 1.30e-10 1.27e-10 1.29e-10 -2.57 1.30e-10 1.05
CA ~ 0.9

45671 15199 3.00 0.51 4.95e-11 4.77e-11 4.86e-11 -3.74 5.05e-11 3.80
59550 15200 3.92 0.42 7.22e-11 7.21e-11 7.22e-11 -0.18 7.47e-11 3.35
74267 15199 4.89 0.35 1.03e-10 1.00e-10 1.02e-10 -2.67 1.02e-10 0.20
90106 15200 5.93 0.29 1.37e-10 1.37e-10 1.37e-10 -0.52 1.33e-10 -3.27
104329 15201 6.86 0.26 1.65e-10 1.61e-10 1.63e-10 -2.63 1.62¢-10 -0.19
Cyp=1.0

45673 15200 3.00 0.64 5.68e-11 5.73e-11 5.71le-11 0.87 5.81e-11 1.79
59241 15200 3.90 0.52 8.89%e-11 8.60e-11 8.75e-11 -3.35 8.58e-11  -1.99
74048 15200 4.87 0.43 1.20e-10 1.19e-10 1.20e-10 -1.29 1.18¢-10 -1.67
89282 15200 5.87 0.37 1.60e-10 1.54e-10 1.57e-10 -3.67 1.52e-10 -3.07
103915 15200 6.84 0.33 1.96e-10 1.90e-10 1.93e-10 -2.91 1.88e-10 -2.86
CA ~ 0.5

45278 15199 2.98 0.26  2.60e-11 2.52e-11 2.56e-11 -3.08 2.64e-11 3.19
59797 15200 3.93 0.21 4.07e-11 4.05e-11 4.06e-11 -0.59 4.04e-11 -0.44
73618 15204 4.84 0.18 5.70e-11 5.51e-11 5.60e-11 -3.56 5.47e-11  -2.40
87696 15201 5.77 0.15 7.29e-11 7.07e-11 7.18e-11 -3.03 7.05e-11 -1.83

104033 15200 6.84 0.13  9.42e-11 9.11e-11 9.27e-11 -3.46 9.08e-11  -2.02
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Débits de mélange He/Ar a différentes valeurs de la concentration (en haut)
et He/Kr a Cy = 0.5010 (en bas) en fonction du rapport de pressions a
Pp = 8kPa.

Pa(kPa) Pp(kPa) Pa/Pg Kng J§(mol/s) J&(mol/s) J¢(mol/s) Ac  J(mol/s) A
Ca=0.0

31822 8000 3.98 0.35 1.57e-11 1.62e-11 1.60e-11 3.14 1.56e-11 2.23
40113 8000 5.01 0.29 2.26e-11 2.29e-11 2.27e-11 1.44 2.20e-11  -3.17
47964 8000 6.00 0.25 3.00e-11 2.95e-11 2.97e-11 -1.80 2.86e-11  -3.88
55969 8002 6.99 0.22  3.52e-11 3.39%e-11 3.46e-11 -3.78 3.59e-11 3.55
Cyp~0.1

31989 8000 4.00 0.37 1.70e-11 1.65e-11 1.67e-11 -3.04 1.72e-11 2.85
40346 8000 5.04 0.31 2.46e-11 2.42e-11 2.44e-11 -1.76 2.41e-11  -1.55
47949 8000 5.99 0.27 3.10e-11 3.06e-11 3.08e-11 -1.48 3.07e-11  -0.20
56125 8000 7.02 0.23 3.91e-11 3.84e-11 3.87e-11 -1.86 3.84e-11  -0.85
Cxp~>~0.3

31977 8000 4.00 0.42 2.05e-11 2.00e-11 2.02e-11 -2.76 2.07e-11 2.10
40290 8000 5.04 0.35  2.79e-11 2.82e-11 2.81e-11 1.26 2.83e-11 1.00
47968 8000 6.00 0.30 3.52-11 3.40e-11 3.46e-11 -3.28 3.58e-11 3.23
56000 8000 7.00 0.26 4.50e-11 4.35e-11 4.38e-11 -3.34  4.39e-11 0.41
CA ~ 0.5

31781 7997 3.97 0.49 2.53e-11 2.46e-11 2.49e-11 -3.11 2.49e-11  -0.18
40109 8000 5.01 0.41 3.30e-11 3.19e-11 3.25e-11 -3.52 3.38e-11 3.85
47854 8000 5.98 0.35 4.10e-11 4.06e-11 4.08e-11 -1.04 4.24e-11 3.70
55934 8000 6.99 0.31 5.04e-11 4.97e-11 5.0le-11 -1.32 5.16e-11 2.84
Cp~0.7

31909 8000 3.99 0.60 3.07e-11 3.00e-11 3.02e-11 -2.58 3.1le-11 2.70
40266 8001 5.03 0.49 4.08e-11 3.93e-11 4.01le-11 -3.97 4.17e-11 3.95
48003 8000 6.00 0.42 5.10e-11 4.98e-11 5.04e-11 -2.38 5.20e-11 2.96
55984 8000 7.00 0.37  6.22e-11 6.02e-11 6.12e-11 -3.21 6.28e-11 2.64
CA ~ 0.9

31947 8000 3.99 0.78  3.92e-11 3.80e-11 3.86e-11 -3.18 3.95e-11 2.22
40176 8000 5.02 0.64 5.35e-11 5.19e-11 5.27e-11 -3.15 5.39e-11 2.29
47888 8000 5.99 0.56 6.62e-11 6.54e-11 6.58e-11 -1.25 6.59e-11 0.17
55820 8000 6.98 0.49 7.71le-11 7.81e-11 7.76e-11 1.17 7.96e-11 2.55
Cyqp=1.0

31691 8000 3.96 0.98 4.47e-11 4.37e-11 4.42e-11 -2.19 4.46e-11 0.86
40047 8000 5.01 0.81 6.32-11 6.24e-11 6.28e-11 -1.36 6.07e-11  -3.50
47739 8000 5.97 0.70 7.64e-11 7.68e-11 7.66e-11 0.50 7.59e-11  -0.91
55917 8000 6.99 0.61 9.36e-11 9.69e-11 9.53e-11 3.43 9.25e-11  -3.00
Cp~0.5

31914 8000 3.99 0.40 2.06e-11 2.11e-11 2.08e-11 2.40 2.07e-11  -0.54
40232 8000 5.03 0.33  2.74e-11 2.64e-11 2.69e-11 -3.67 2.78e-11 3.27
48055 8000 6.01 0.28 3.43e-11 3.32e-11 3.37e-11 -3.40 3.48e-11 3.02
55928 8000 6.99 0.25 4.27e-11 4.30e-11 4.28e-11 0.67 4.20e-11  -2.03

périmentaux. Le débit est présenté pour un canal individuel. On constate
un trés bon accord entre les résultats expérimentaux et numériques. La dif-
férence entre ces résultats est inférieure a l'incertitude expérimentale. Il est

également constaté que la différence A, est toujours inférieure a l'incertitude
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Distributions de pression (en haut) et de concentration (en bas) pour le mé-
lange He/Ar avec C'y = 0.5010 pour Pg = 15.2kPa. Les symboles A,A,0,m,0
représentent les résultats pour P/ Pg = [2.97,3.96,4.89,5.86, 6.84].

expérimentale. Cela justifie que l'effet éventuel de fuite ou de dégazage est
correctement pris en compte. Telle est la situation pour toutes les expériences.

Les distributions de pression et de concentration le long de ’axe du canal
sont également déduites du calcul cinétique. Afin d’illustrer les résultats, les
profils de pression et de concentration sont présentés pour les écoulements de
mélange He/Ar avec la concentration Cy = 0.5010 et une pression de sortie
Pg = 15.2kPa sur la Fig. 0. On peut voir que les profils de pression sont
relativement non-linéaires en raison des effets de compressibilité. En outre,
la concentration n’est pas uniforme. Il y a une baisse de concentration preés
de la sortie du canal. Ceci est la preuve évidente de la séparation gazeuse. La

baisse de la concentration augmente lorsque le rapport de pression décroit.
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L’étude comparative montre que la différence entre les résultats expéri-
mentaux et numériques est inférieure a 'incertitude expérimentale pour tous
les cas mesurés dans le cadre de la thése. Une comparaison avec des résultats
expérimentaux de la littérature est également faite. Dans ce cas, la différence
entre les débits des deux approches peut dépasser l'incertitude expérimen-
tale, mais ’accord est toujours considéré comme trés bon. Pour conclure, il
est constaté que le modele de McCormack est un outil viable pour décrire les
écoulements des mélanges gazeux générés par pression a pour les valeurs des

parameétres considérées.

4. Conclusions

Dans la thése, les écoulements des mélanges gazeux dans des microca-
naux sont étudiés numériquement et expérimentalement. Dans la partie nu-
mérique, différents traitements sont utilisés pour les microcanaux longs et
courts. Pour les microcanaux longs, une méthode accélérée de vitesse dis-
créte est développée pour des grilles triangulaires. La méthode est utilisée
pour résoudre le modeéle cinétique de McCormack. De plus, un calcul de
débit est développé pour déduire le comportement global de 1’écoulement.
Des résultats illustratifs sont obtenus pour les mélanges Ne/Ar et He/Xe.
Dans le cas des microcanaux courts, des codes avancés de DSMC sont dé-
veloppés pour simuler 1’écoulement gazeux. Ces codes sont utilisés pour les
simulations pratiquées pour étudier le comportement des mélanges Ne/Ar
et He/Xe dans des configurations d’écoulements différents. Dans la partie
expérimentale, la méthode de volume constant est appliquée pour la mesure
des débits dans les microcanaux longs. Les mesures sont effectuées pour les
microcanaux rectangulaires et trapézoidaux. Les débits des mélanges He/Ar
et He/Kr sont mesurés et comparés aux calculs cinétiques sur la base du

modéle de McCormack. Un trés bon accord entre les résultats numériques et

XxXx11



expérimentaux est atteint. Cela montre que le modéele de McCormack peut
étre utilisé avec succes pour décrire I'écoulement isotherme de gaz binaires

générés par pression dans les microsystémes.
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Chapter 1

Introduction

1.1 Kinetic theory of gases

The born of the kinetic theory of gases can be dated back to Daniel Bernoulli,
who published Hydrodynamica in 1738. Bernoulli established the basic
principles of gas kinetics. In his theory, the gas consists of a large num-
ber of elastic molecules moving in all directions with relatively high speed.
These molecules collide with each other, dictated by the law of mechanics.
Bernoulli was able to explain the pressure of the gas as the force exerted by
the molecules on the walls of the container during collisions. This idea was
tempting for other physicists since it included the law of energy conservation.
Even though his theory is true in principle, as we know now, the development
of kinetic theory lasted many years, because there was no idea for handling
the motion of the huge number of particles.

In 1857, Rudolf Clausius refining others’ idea contributed to the kinetic
theory of gases by establishing a gas kinetic model, which took into account
the translational, rotational and vibrational motion of the molecules. The
main achievement of Clausius in the field was the introduction of the idea

of the mean free path, the average distance travelling by one molecule in



the gas between two subsequent collisions. He first stated the second law
of thermodynamics and introduced the idea of entropy on phenomenological
grounds.

One of the major contributors to the kinetic theory of gases was James
Clerk Maxwell (1831-1879). The original theory of Bernoulli was advanced
and cast into a consistent mathematical formulation. Although there were
other contributors in that time, Maxwell can be considered as a cardinal
investigator in kinetic theory. He appeared as a mathematician and also as
an experimentalist in the field. One of the major achievements of Maxwell
was the introduction of the distribution function, a statistical description
of the very large amount of particles of the gas. The invention and the
establishment of mathematical background of the distribution function can
be considered as the born of statistical mechanics. He derived the equilibrium
distribution function and introduced a transfer equation for the distribution
function and the so-called Maxwell potential for describing the interactions
between the molecules. Another contribution of Maxwell was establishing
a gas-surface interaction law, which is now called as the Maxwell boundary
condition. With the assumption of the diffuse reflection of gas molecules on a
solid wall, he derived a slip boundary condition for the macroscopic velocity
field. Also, he was able to calculate the viscosity of the model gas with the
Maxwell interaction. He found that the viscosity of the gas is independent
of its density. Generally speaking, he can be considered as the most cardinal
scientist in the 19. Century, contributing to the modern theory of physics.
His influence on physics is indeed decisive.

Another important, or maybe the most substantial, contributor for the
kinetic theory of gases was Ludwig Boltzmann (1844-1906). He can be con-
sidered as one of the founders of statistical mechanics and statistical ther-
modynamics. Also, he advocated atomistic theory in that time when the

existence of atoms was not generally accepted. Boltzmann itself in this the-



ory successfully presupposed atoms and molecules. In principle, he followed
the way of Maxwell. One of his main contributions to the kinetic theory
of gases is the establishment of the Boltzmann equation (BE), a transport
equation for the one-particle distribution function. Since the invention of
the original BE by Boltzmann itself, similar equations have been proposed
to a large class of transport phenomena, including neutron transport relevant
to nuclear energy, charged particle transport in solids, such as semiconduc-
tors or metals, particle transport in plasmas, radiative transfer. His main
achievement was formulating the collision term in the BE. For rarefied gases,
he introduced the molecular chaos assumption for describing the collisions
between the molecules. Another important contribution of Boltzmann for ki-
netic theory and statistical mechanics was the introduction of the entropy, as
a statistical concept. He was able to incorporate the notion of irreversibility
into the BE. He introduced the H-function, a functional of the distribution
function, which monotonically decreases in time in accordance of the BE.
Finally, this made the statistical definition of the temperature possible.

After Boltzmann, the interests of scientists turned towards the BE in
kinetic theory. Much effort has been devoted for solving the Boltzmann
equation. On the other hand, the relationship between the kinetic and the
fluid dynamic descriptions, which later operates with macroscopic quantities
such as density, velocity and temperature, was not exactly clear. For exam-
ple, the expression of the transport coefficients, such as the viscosity and the
thermal conductivity, was missing.

First, Hilbert proposed a perturbative solution method for the Boltzmann
equation. His solution method was formal. He expanded the distribution
function and the macroscopic quantities into power series of a small param-
eter related to the Knudsen number. The Knudsen number is the ratio of
the mean free path and the relevant macroscopic size of the physical system.

He obtained a series of equations, but the transport coefficients could not



be deduced. Although the method remained formal, it was the first attempt
to solving the BE and inspired several scientists in the future. Following
Hilbert, Chapman and Enskog proposed another expansion technique, which
is now generally referred as the Chapman-Enskog method [15]. On the con-
trary of Hilbert’s approach, only the distribution function is expanded in a
series of the Knudsen number. In this way, it was possible to obtain an ap-
proximated solution of the BE, which consists of the spatial derivatives of the
macroscopic quantities. However, the method is only applicable in the low
Knudsen number, hydrodynamic limit. With using this approach, the trans-
port coefficients can be calculated. Another approximated solution method
was suggested by Grad [24]. He expanded the distribution function in the
microscopic velocity variable into special polynomials, more closely Hermite
polynomials. He obtained a series of macroscopic moment equations. With
the aid of the Grad approach, it is possible to obtain an approximate solution
of the BE in the hydrodynamic limit.

In recent decades, the developments related to solving the BE have been
fuelled by the emergence of computational science. It is impossible to solve
the Boltzmann equation analytically, and solution only exists in special cases.
However, there is still much interest in transport theory and BE like equa-
tions. The notion of the kinetic theory of gases and the Boltzmann equation
has been extended for many kinds of applications. Solution methods for the
Boltzmann equation are clearly needed. With the developments of numerical

and computational techniques, this task has become achievable.

1.2 The Boltzmann equation

In order to describe the motion of the large number of particles in the gas,
statistical considerations are taken into account. The state of the gas in a

given physical point @ of the spatial coordinate system and time ¢ can be



described by the one-particle distribution function f,(v,x,t), where v is the
microscopic velocity vector of the particles and o denotes the components of
the gas. For general purposes, it is assumed that the gas is a mixture and
consists of n. components. The one-particle distribution function is defined

such that
dN, = fo(v, x, t)dvdx (1.1)

is the number of molecules from component « in the phase element dvdx
at time ¢. This description allows defining the macroscopic quantities of the
gas, i.e. the number density n,, the velocity u,, the pressure tensor p,.; and

the internal energy density ¢, of the components

na:/fa(v,a:,t)dv, (1.2)

Nala = /vafa(v,m,t)dv, (1.3)
Daab = Me /(va — Uga ) (U — Uap) fa(V, @, t)dV, (1.4)
€a = ma/%fa(v,m,t)dv. (1.5)

The pressure exerted by component « is obtained from the trace of the pres-

sure tensor

3
1
Po=13 > Paaa- (1.6)
a=1

The total density n and the total pressure P are the sums of the component
quantities n = Y ' n,, P = Y " P, and connected to each other by
P = nkT, where k is the Boltzmann constant and 7' is the temperature. As
it follows from the above definitions, the internal energy density is related to
pressure such that

a:_Pa- L.
= (1.7



In order to describe the dynamics of the gas, the time evolution of the distri-
bution function in the considered spatial domain should be known. Hence,
a transport equation for the distribution function, which accounts for its
spatial and temporal variations, is needed. The change of the distribution
function is caused by two factors: particle movement and collision.

Without molecular collisions, the transport equation of the distribution

function takes the following form

Ofa 0 fa Ofa
o UG, T, = 0, (1.8)

where a is an optional external force per unit mass. Automatic summation
is applied for the repeated coordinate indices in the thesis if it is not stated
on the contrary. The external force rarely appears in rarefied gas dynamics;
hence, it is neglected in the future. This equation describes the free motion
of the molecules obeying the laws of mechanics. It is often referred as the
collision-less Boltzmann equation. The first two terms on the left hand side
of Eq. (1.8) characterize the advection term of the BE.

In order to handle the effect of the molecular collisions, Eq. (1.8) is
supplemented with a collision term. The number of molecules which depart
from and arrive to the dvdx phase element between time t and t + dt is
counted. These molecules represent the gain and loss terms in the Boltzmann
equation. In this way, the governing equation can be written by

Ofa Of
ot + Y Oz,

0 fa
=I;y—1 1.
+ ap v IN ouT; ( 9)

where I;y and Ipyr are the above mentioned gain and loss terms, respec-
tively. In order to find the expressions of Iy and Ioyr, the details of the
molecular collision process are needed. In the kinetic theory of gases, it is as-
sumed that the collision process is two-body, which follows from the relatively
rare atmosphere of the gas phase. This is one of the important assumptions

of the Boltzmann equation.



The collision between two particles can be described by scattering theory,
which defines the differential collision cross section o(f), a basic quantity of
the collision process. The essence of the cross section is described as follows.
Suppose that there is a molecular ray consisting of a large number of particles,
with intensity /. The number of particles dN crossing a surface element dA
perpendicular to the ray in time interval dt is dN = IdAdt. By considering
a scattering ray with intensity I on a potential, the number of molecules
scattering into the spherical angle element d{2 around the scattering angle 6

in time interval dt is given by
dN = Io(0)dQdt. (1.10)

As it can be seen, the number of scattered particles is proportional the spher-
ical angle element and the differential cross section. The total collision cross
section or, which accounts for the total number of collisions, is also intro-
duced by

o = 27r/0(€) sin(0)d#, (1.11)

where the relationship dQ2 = 27sin(f)df has been used. The differential
collision cross section can be calculated for particular interactions, such as
power law, Lennard-Jones or other model interactions. One of the often used
collision models is the hard-sphere interaction, of which differential cross

section is written by

gap(f) = (@)2, (1.12)

where d,,dg are the diameters of the colliding molecules for components
«, 3. These diameters may not be equal for mixtures. As it can be seen, the
hard-sphere differential collision cross section is independent of the scattering
angle. This collision process is isotropic.

Now, the Boltzmann equation is discussed. It is supposed that the

molecules have velocity v}, v} before collision and vy, vy after collision. In

7



order to evaluate the gain and loss terms in the BE, Boltzmann introduced
the key idea, the so-called molecular chaos assumption, which supposes that
the number of colliding molecules is proportional to the two distribution
functions f,(v]) and fg(vh). The molecular chaos assumption rests on the
condition that the gas is rarefied, the collisions are two-body and there is no
correlation between the particles. Following this idea, the gain term can be

expressed as
thijf/%Amw&wmnwnmwaﬂMw, (1.13)
=1

where the integration goes over all possible post-collisional velocity vy and
spherical scattering angle €2. The loss term can be obtained in a similar

fashion
Tovr = — Z// 0up(0)|v1 — Vo fo (V1) f5(02)dQdvsy. (1.14)
B=1

These two integrals can be cast into a common form, because the relative
velocities, |v] — vy| and |v; — vy, before and after collisions are the same.

Following Eq. (1.9), the Boltzmann equation can be obtained by

Ofa(v) Ofa(v)
ot T on,

S [ s(0)0 — vl o (0} F(05) — Fu(0) fo(02)}d0s.  (1.15)
;// 8 B B

Finally, it is noted that the velocities after and before the collisions are related
via the collision process. The pre-collisional velocities can be completely
determined from v, vy and €2, as dictated by the energy and momentum
conservations. In fact, only the orientation of the relative velocity changes

during the collision. The Boltzmann equation may be rewritten into the



following form

Ofa Ofa N / /
8_{‘ i a@ia - ;// Bag(0, V) [ fa(v1) f3(v3) — fa(v) f5(v2)]dQdvs,.

(1.16)

where Bog(0,V) = 0,5(0)V is a function and V = |v — vy| is the relative

velocity.

1.2.1 Collision invariants

There are several important properties of the Boltzmann equation. One of
these is the so-called collision invariants, which is the direct evidence of the
rules of the conservation of the collision process. In the following, only single
component gases are considered and the component indices are omitted.
The right hand side of the Boltzmann equation contains the bilinear ex-

pression

= [[ BOVIseIE) - s S, (117)
This is usually called as the collision term or the collision integral of the

Boltzmann equation. The velocity moments of the collision term have great

importance. These moments are defined by

/\I/(v) /// (0. V)[T(v) + (ws) — B(w!) — T(w))]x
[f(V) f(vy) — f(v)f(v2)]dQdvedv,  (1.18)

where U(v) is an arbitrary polynomial of the velocity variable. It can be

shown that the moments are zero if and only if, see e.g. Cercignani [13],
U(v) + U(vg) — U(vy) — U(vs) = 0. (1.19)

The functions satisfying this equation are usually called the collision invari-

ants. In fact, the collision invariants can be expressed as

U(v) =a+bv+ cv? (1.20)



where a,b and c are arbitrary scalar, vector and scalar, respectively.

The expression of the collision invariants follows from the particle, mo-
menta and energy conservation of the collision process. The collision invari-
ants have an important role in deriving fluid dynamic, macroscopic equations
from the BE.

For mixtures, the total particle, momenta and energy are the conserved
quantities, and there can be exchange of momenta and energy between the
components. If chemical reaction is involved, there is also exchange between

the particle numbers.

1.2.2 H-theorem

There is a clear phenomenological evidence that a closed but perturbed
gaseous system evolves towards an equilibrium state. The irreversible na-
ture of the gas is mathematically manifested by the H-theorem introduced
by Boltzmann. For a single component gas, the H-function of the distribution

function is defined according to

H(f) = / flog(f)dv. (1.21)

By using the Boltzmann equation, it can be shown that this function mono-
tonically decreases in time dH (t)/dt < 0 [13]. It reaches its minimum in the
equilibrium state. The corresponding equilibrium distribution function can
be parametrized by the local macroscopic quantities of the gas, the density

n, the gas velocity u and the temperature 7" such that

flv) =mn (27;:T)_3/2 exp (—m(;T_ij . (1.22)

By using the H-function, the entropy is defined according to S = —NEkH (f),
where N is the total number of molecules. The irreversibility of the gas can
also be characterized by the relation dS(t)/dt > 0.

10



1.2.3 Linearized Boltzmann equation

If the gas is not far from absolute equilibrium, the Boltzmann equation can
be linearized. In this situation, the departure of the macroscopic quanti-
ties from absolute values are small. A typical example can be slow flows,
where the macroscopic gas velocity can be neglected in comparison with the
characteristic microscopic velocity u, < 1/2kT/m,,.

By linearizing around absolute equilibrium, the distribution function can

be written by
falv,2,1) = f3(0) [L + ha(v, 2, 1)], (1.23)

where h,(v) is the perturbation function and the equilibrium distribution is

given by

2rkTy U2
O(v) =n0a< Tn 0) exp (—m Ua) (1.24)

with ng, and Ty denoting the reference densities and temperature.
Using this ansatz, the Boltzmann equation may be written in the following

form

Oha  Ohy
o1 ‘I’Uaa_% = ;Eaﬁa (1'25)

where L4 is the linearized collision term. Its particular form of the collision
term depends on the molecular interactions.

Finally, it is noted that it is also possible to linearize the Boltzmann
equation around local equilibrium. This is sometimes used in rarefied gas
dynamics, when the flow is driven by the gradients of the macroscopic quan-
tities, for example the density or the concentration. In this case, the form of
the linearized Boltzmann equation is the same as above, but driving forces

appear in the equation.

11



1.2.4 Model collision operators

The Boltzmann collision integral has a complex mathematical structure,
which may be simplified by using a suitable collision model. However, the
collision integral can still be more simplified by introducing relaxation ap-
proximations. In this case, the collision operator contains an equilibrium
function, toward which the system evolves. In principle, this advocates irre-
versibility in a simplified manner.

An often used collision term is the Bhatnagar-Gross-Krook (BGK) single
relaxation time approximation [7]. In this case, the collision term in the BE

for a single gas is represented by

Q(f7 f) = _% [f(’v’wvt) - f%'l),il?,t)} ) (1'26)

where 7 is the relaxation time and f°(v,x,t) is the local Maxwell distri-
bution. The relaxation time measures the rate of the relaxation toward the
equilibrium. Larger (or smaller) relaxation time results into slower (or faster)
relaxation.

The BGK collision term provides relatively good results for isothermal
rarefied gas flows. One shortcoming of this model is that it fixes the Prandtl
number, the ratio of the viscosity and the thermal conductivity, to an unre-
alistic value. For thermal problems, the Shakov (S) model may be applied
[61]. This can be considered as the modification of the BGK model with
two relaxation times, but the second one is fixed to yield the correct Prandtl
number.

Several kinetic models have been developed for replacing the Boltzmann
collision operator for gaseous mixtures as well. The aim of these approaches is
to provide a more simpler equation for the mixture while preserving its main
properties. These models are especially useful for computational purposes
because the kinetic models may be solved in a more efficient manner in this

way. Since these models are closely related to the scope of the thesis, they

12



are discussed in detail in the chapter of the literary review.

1.2.5 Boundary conditions

In order to define the kinetic problem, the Boltzmann equation needs to be
supplemented by boundary conditions. The boundary condition is important
in rarefied gas dynamics. It can affect the overall behaviour of the rarefied
flow. The flow is often bounded by solid walls. This is especially the case for
flows in microsystems.

The diffuse-reflection boundary condition is often used in rarefied gas
dynamics. In this case, the molecules colliding with the sold walls reflect
in accordance with the local equilibrium distribution function. The method
needs to be supplemented by the condition of the conservation of the particle
number. It is assumed that the particles do not adsorb onto to the surface.
As a consequence, the flow rate of the particles toward the wall is zero.
Accordingly, the diffuse-reflection boundary condition can be written by
Jormeo [V fa (V' @)V’

Jormeo ORI fO(V)dV"

for vn > 0. Here, n is the wall normal vector pointing towards the interior

falv, @) = fo(v) (1.27)

part of the domain, x is the wall coordinate and v/, is the normal component
of the microscopic velocity. The diffuse boundary condition can be extended
further by the inclusion of specularly reflecting particles. In the specular-
reflection boundary condition, only the normal component of the microscopic
velocity changes. The resulting diffuse-specular boundary condition can be
written by

Jormeo [V fa (V' @)V’

Jormeo ORS00

where S denotes the specularly reflected microscopic velocity and o is the

falv, @) = 0 f2(v) + (1 =0)falvs, zs), (1.28)

accommodation coefficient, which describes the amount of the diffusely re-

flected particles. Comparison between theory and experiments shows that for

13



several materials the diffuse boundary condition, ¢ = 1, can be considered

adequate.

1.2.6 Fluid dynamic description

The Boltzmann equation describes an N-body weakly interacting system,
where the number of molecules N is very large. This description corresponds
to the kinetic level, which accounts for the molecular density in the six-
dimensional phase space spanned by the microscopic and coordinate spaces.
However, it is known that at the macroscopic level the fluid media can be
described by much fewer, the so-called fluid dynamic quantities introduced
previously. In kinetic theory, much effort has been devoted for establishing
the relationship between kinetic and macroscopic descriptions for a long time.
If the gas is sufficiently dense, it can be described by hydrodynamic, such as
the Euler or Navier-Stokes, equations. The key issue is the reduction of the
large number of variables and the establishment of the physical conditions
under which the hydrodynamic description may be applicable. In the follow-
ing, the relationship between the kinetic and fluid dynamic descriptions are
considered for the case of single gases for demonstrative purposes.

The magnitude of the collision term of the BE can be estimated by the

lost term according to

Tovr = — //0(9)|'v — vo|f(v) f(v2)dQdvy ~ —naT\/?f(v). (1.29)

Here, the relative velocity has been estimated by the average molecular ve-
locity. As one can see, the magnitude of the collision integral is proportional
to nor, the total value of the scattering surface per unit volume. This quan-
tity is related to the mean-free path, which is defined as the average distance

travelled by the molecule between two subsequent collision. As an example,
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the mean-free path for a hard-sphere gas can be written as

N — 1
s V2rd?n

By using the total cross section for hard-spheres, or = md?, the following

(1.30)

estimate is obtained

1 2kT
Toyr ~ N
HS m

f(v). (1.31)
By comparing this term to the left hand side of the BE, where the spatial
gradients are related to the macroscopic size of the problem L, it can be
deduced that the magnitude of the collision integral is L/, the inverse of
the Knudsen number Kn = A\/L, which is a basic dimensionless similarity
number in rarefied gas dynamics. The solution of the Boltzmann equation
can be classified by the Knudsen number: the region Kn < 0.1 is regarded as
hydrodynamic, the domain Kn > 10 can be considered free-molecular, while
the transition region lies midway 0.1 < Kn < 10.

The fluid dynamic description are valid in the small Knudsen number
limit, where the mean free path is relatively small compared to the macro-
scopic sizes. The fluid dynamic equations can be obtained as the velocity
moments of the BE. In this way, for the density n and the momenta nu, the

following equations can be obtained

on  Onu,

— = 1.32
ot " om (1.32)

d(nu,)  O(nuquy) 1 Opay
o + 92, + T =0, (1.33)

These equations are not closed because of the appearance of the pressure
tensor, as a higher moment, in the second equation. In order to obtain a
closed form for the equations, a closure relation is needed for the pressure
tensor.

The expression of the pressure can be obtained from the Chapman-Enskog

expansion of the distribution function in terms of the Knudsen number [15],
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[75]. In the zero-order approximation, the solution of the BE is just the local
Maxwellian equilibrium, which yields the pressure tensor for the Euler fluid
such that

Pab = Péaba (134)

where d4 is the unit matrix. In the first-order approximation, there is an
additional contribution to the local Maxwell distribution, which results in

the extension of the pressure
Pab = Péab + Tabs (135)

where the second term is called as the stress tensor and given by

ou, O Wy o= Ol
Tab =u< Yoy 8“” by 2t ) (1.36)

oxy, Tq 3 — 0w,

with p denoting the dynamic viscosity of the gas.

1.3 Characteristics of gaseous micro-flows

Over the last decades, a new field of study, the so-called gaseous micro-
flows (or micro-gas flows), has been emerged in the scientific community
and engineering applications. Micro-flows refer to the gas flow in small
micron-size objects. This field has attracted huge attention because of its
engineering and technological importance. Gaseous flows in micron-size de-
vices can be found in almost everywhere in technological applications, i.e.
micro-electromechanical devices (MEMS), pressure gauges, micro-sensors,
air-bearings or micro-actuators. Generally speaking, the emergence of micro-
flows has been stimulated by the increasing miniaturization in technology.
Devices in this way may operate with less consumption and more effectively

than macroscopic ones.
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Gaseous flows at the micro-scale show special physical behaviours, which
are not found in the usual continuum hydrodynamics. Even if the micro-
device operates with atmospheric pressure, the small size of the device causes
large mean-free path object size ratio. As a result, the flow can not be consid-
ered continuum. For the proper description of micro-flows, kinetic approaches
should be applied. In order to characterize the flow in the micro-device, three
important similarity numbers of hydrodynamics can be introduced. These
are the Knudsen Kn, Reynolds Re and Mach Ma numbers. The Knudsen
number, as it has already been mentioned, is the ratio of the mean free path
A and the characteristic size of the device L, e.g. the hydrodynamic diameter
of the micro-channel,

Kn=~—. L.
n=z (1.37)

However, the definition of the mean free path is not unique for specific sit-
uations. There are collision models in the Boltzmann equation for which
the expression of the mean-free path may not be obtainable. For example,
relaxation models operate with relaxation times or collision frequencies and
the meaning of the mean-free path is not included. On the other hand, in
experiments, it would be difficult to define the mean-free path. In order to
find a unique definition, an equivalent mean-free path and Knudsen number
are usually introduced on the basis of the viscosity. In this way, different
models and methods can be compared to each other. This so-called viscosity
based mean-free path is defined by A = (y1/P)//2kT/m. The corresponding

Knudsen number is given by

W 2kT

Kn =t
"=\ o

(1.38)

The rarefaction parameter is also introduced for measuring the degree of

the rarefaction. The rarefaction parameter is defined as the inverse of the
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Knudsen number

1

0= —.
Kn

(1.39)

Another important dimensionless similarity number is the Reynolds number
defined by

Lu
Re =222, (1.40)
1
where u stands for a characteristic low velocity in the device. Finally, the
Mach number is the ratio of the flow velocity and the characteristic molecular

speed, such as the sound speed or the average molecular velocity in our case,

[ m

It is mentioned that the similarity numbers are not independent of each other.
They are connected via the relation Ma ~ KnRe.

Generally speaking, the flow in a micro-device is usually in the low-
Reynolds number region. As a consequence, the flow can be considered lami-
nar. In addition, the main flow parameter is the Knudsen number. The local
rarefaction can vary in a wide range even for the same experiment. Micro-
flows are usually in the low Mach number region. As a consequence, the flow
is slow and linearization of the kinetic equations can be used. However, there
can be situations when the Mach number is higher. An example is gaseous
flow through short channels, where the flow velocity may be comparable to

the average microscopic velocity.

Rarefaction effects in micro-flows

If the Knudsen number is finite, the flow in the device increasingly departs
from the hydrodynamic pattern. In the low Knudsen number region Kn <
0.1, the hydrodynamic description, the Navier-Stokes equations, can be used

with the modification of the boundary condition at the solid walls. The first
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observable rarefaction effect on the flow as the Knudsen number becomes
larger is the slip or the jump of the macroscopic quantities at the walls, e.g.
velocity slip. Consequently, the equations are supplemented by slip or jump
boundary conditions. The low Knudsen number domain Kn < 0.1 is usually
called as the slip region.

With regarding the velocity slip, the first-order slip boundary condition

can be expressed by

0
Ug = Uy — Uy = aﬂ)\, (1.42)

ox

where ug, v, and u,, are the tangential slip velocity, the actual gas velocity
at the wall and the tangential wall velocity, respectively. The coordinates
x,y are along the normal and tangential directions of the wall. In addition,
« is the first-order slip coeflicient, which has the value of o ~ 1 for the
diffuse reflection boundary condition. In fact, the first-order slip coefficients
can be calculated by solving the Boltzmann equation for a given model and
gas-surface interaction [78|, [69], [65] or measured [3], [18], [19], [5]. The
calculated value of the coefficient depends on the collision model. The first-
order slip boundary condition can be extended to higher Knudsen numbers.
This new boundary condition is referred as the second-order slip model. The

second-order slip boundary condition can be written by

ou 0u
a;’)\ + 3 any A2 (1.43)

us = «

Here, (3 is the second-order slip coefficient, of which value can also be cal-
culated or measured experimentally [16], [44]. The second-order slip bound-
ary condition can be used approximately up to the Knudsen number Kn =
0.2 — 0.3 to predict the flow rate.

By considering a pressure driven gaseous flow in a micro-channel, the
flow rate exhibits the so-called Knudsen-minimum phenomenon. This means

that the flow rate has a minimum as a function of the Knudsen number in
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the transition region. It is mentioned that the Knudsen minimum is a true
rarefaction effect. In the framework of the Navier-Stokes equation, neither
the no-slip assumption nor the first-order slip boundary condition is able
to capture this effect. Just the second-order slip boundary condition can
describe qualitatively the Knudsen minimum. Of course, the kinetic descrip-
tion captures well the effect. In addition to the Knudsen minimum, there is
a non-zero heat flow for pressure driven flows. This behaviour is completely
missing in macroscopic flows, but appears for rarefied gases.

The slip boundary condition is applied for the temperature field as well.
In that case, the boundary condition is referred as the temperature jump
condition, where the normal gradient of the temperature causes a jump on
the wall [65]. For thermal problems, there is another rarefaction effect, the
thermal creep or thermal slip. In this situation, the tangential temperature
gradient results into a slip velocity near the wall. The flow is directed from
the colder place to the hotter one. This behaviour is used for the so-called
Knudsen compressors. The thermal slip has been solved numerically in Refs.
[70], [75], |65].

There are also rarefaction effects in gaseous mixtures. In addition to the
above mentioned effects, there is the so-called diffusion slip, which accounts
for a tangential velocity slip if there is a concentration gradient in the tan-
gential direction near the wall. The diffusion slip velocity can be written
by

Ups = Ucp—oa—y, (1.44)
where o¢ is the diffusion slip coefficient, p is the mass density of the gas and
C' is the concentration. The coordinate y is along the tangential direction
related to the wall. In accordance with the velocity slip, there is a no-zero
average mixture velocity if the flow is through a channel. This is an inter-
esting rarefaction effect, which is not described by hydrodynamic equations.

The diffusion slip coefficient has also been calculated for kinetic models |71],
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78], [65].

1.4 Objectives and novelty of the thesis

The goal of the thesis is the computational and experimental study of flows
of gaseous mixtures in microsystems. The study refers to flows through long
and short channels. For long channels, the speed of the flow is relatively small
compared to the characteristic molecular speed; as a result, the linearized de-
scription can be applied. In the present work, the McCormack kinetic model
is utilized and solved for specific channel geometries. For short channels,
the full non-linear Boltzmann equation with the assumption of hard-sphere
molecules is solved. The work includes the specific development of the com-
putational methodology for the solution of the problems. For long channels,
the discrete velocity methodology in an accelerated version, while for short
channels, the direct simulations Monte Carlo method is developed. In the
experimental part of the thesis, the flow rate through various long microchan-
nels are measured by using the constant volume method. The experimental
results are compared to the kinetic calculation. By the aid of the compar-
ative study, the validity of the theoretical approaches used for computation
can be tested and evaluated.

The novelty of the thesis is to provide detailed study of the flows of
gaseous mixtures in microchannels. While the properties of single compo-
nent gases are already well-known in the literature, there are relatively few
works on gas mixtures. For mixtures, the flow is affected by the gas sepa-
ration, e.g. the different components tend to flow through the system with
different speeds. This phenomenon is yet not explored well in the literature.
Throughout this study, its effect is experimentally verified. In addition, new
computational methodologies are presented in the thesis. A synthetic type

accelerated discrete velocity method has been developed for triangular grids
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for efficient calculation. The improved computational performance is verified
by a stability analysis. In the present work, the stability analysis is extended
for discrete kinetic equations. With regard to the direct simulation Monte
Carlo, new, upgraded codes have been developed for gaseous mixtures, which

extends the state-of-art of probabilistic calculation of rarefied flows.
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Chapter 2

Literature survey on rarefied and

micro-gas flows

2.1 Kinetic description of gaseous mixtures

In the numerical part of the thesis, the McCormack kinetic model is used
for describing the flow. For this reason, it is useful to consider a literature
review on kinetic modelling of gaseous mixtures. In the scientific community,
much effort has been made to develop kinetic models for rarefied gases. The
goal of these models is their simplicity compared to the original Boltzmann
equation, while their physical properties are similar to the BE. Because of
the simpler mathematical structure of the kinetic models, their solution can
be obtained easier. This especially becomes advantageous in numerical cal-
culations allowed by modern computers. For binary mixtures, several kinetic
models have been proposed. Here, the Sirovich, Hamel, Morse, McCormack
models and the collision operator of Garzo et al., Andries et al. and Kosuge

are discussed.

23



2.1.1 Sirovich model

The Sirovich model [79] was established in 1962. This model was one of the
first approaches for gaseous mixtures. The kinetic equation can be written

by

OF + €a0a,F + .06, F =T(Fy — F) — f\;—if}(Ua u)Cam
2
;Z§;(;;r_l>at_ﬂ+
%?(U —u)? (;:T - 1> , (2.1)
0 + &0 f + Ry f =1 fo = 1) = 0y~ U
2
it (o 1) o100

2

Mme(U — u)? (C_ — 1) . (2.2)

nkt 2rT

Here, F, f, Iy, fo,&a, Pay Ga, Ua, ta, Co, o, T, 7, N,n, k, M, m, R and r are the
distribution functions, the equilibrium distribution functions, the molecular
velocity, the external forces, the gas velocities, the peculiar velocities, the
temperatures, the number densities, the Boltzmann constant, the masses
and the gas constants. The capitalized and small letters refer to the same

quantities but for the first and second components, respectively. In addition,

_pMNmn|[ 1 en—N)

g =, [MN an+MJ’ (2:3)
_ pMNmn [ 1 €N —n)

Hm = p [mn nN(m+M)} ' (24)

In these equations, I', v, u, v, € are the collision frequencies and p is the total
mass density. The idea of Sirovich came from the Bhatnagar-Gross-Krook
single relaxation time approximation. In the BGK model, the collision oper-
ator is replaced by a simple relaxation term, which ensures evolution toward

the local equilibrium. The BGK operator itself is well-suited for single gases.
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The model of Sirovich is built on the idea of a three stage relaxation. First,
the lighter component relaxes to its equilibrium state, next the heavier com-
ponent approaches its equilibrium state and finally the mixture as a whole
relaxes toward to global mixture equilibrium. In this framework, the BGK
operator is extended with additional terms providing the correct transport
equations for the mixture. There are four terms on the right hand sides
of the transport equations. The first one describes relaxation toward the
component equilibrium like in the case of the BGK operator. The second
and third terms describe the coupling between the species with regard to
the macroscopic velocities and the temperatures of the components. The
final term covers some additional interaction between the components. In
the Sirovich approach, the conservation property for the mass, the momenta
and the energy is automatically satisfied. Macroscopic transport equations
for the mixture momenta, the energy and the diffusion are derived. The
transport coefficients, the viscosity, the thermal conductivity and the diffu-
sion coeflicient can be obtained from the model. One apparent shortcoming
of the model is the lack of thermal diffusion, but it may be included into
the formalism. Sirovich provided a formal derivation of the approach from
the Boltzmann equation by assuming Maxwell molecules. Finally, it is men-
tioned that the model describes small departure from the global mixture
equilibrium state. As a consequence, it can be used when the velocity and
the temperature differences are small between the components. The Sirovich
model has inspired the development of other kinetic models, but it has rarely
been used in rarefied gas calculations. The collision integrals of the Sirovich
model were investigated by Walker et al. [103|. They found that the integrals
are generally not those given by the Boltzmann equation. On the basis of the
approach, a lattice Boltzmann method has been established [43|. However,

that approach has been improved by other models later.
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2.1.2 Hamel-Morse model

Another model, the Hamel model [28|, appeared in 1965. It can also be

viewed as a modification of the BGK operator. The model reads such that

atfoz + Uaaa:vafoz = Jau (25)
where
r 1/2 2
My Ma Vo — Vaa
Jo =NaKaa —fa + Naa (27T/€T ) exp (_ (QkT ) ) +
- 1/2 2
mey ma(va - Vaﬁ)
[e% Ja « - 2
ngkag | —fa + Nag (zﬂkTag> exp( ST > (2.6)

In the above equations, f,, Vaq, Jo are the distribution function, the molecular
velocity and the collision term for component . In addition, nea = neg =
Nas Vaa = Va, Taa = To, where the quantities on the right hand sides are the

densities, the velocities and the temperatures of the components, and

Ta = T+ tati | 2(T5 = To) + (Vo — Vo222
Koo = 2.906(DaaMa)?,  Kag = 2.906(pasmo)'/. (2.7)

Other quantities, jiq, Mq, Mo, K, Daa and pag, are the reduced mass, the mass
of the components, the total mass of the two components, the Boltzmann
constant and the coefficients in the intermolecular force law. As it can be
seen, in the method, there are two coupled relaxation terms on the right hand
side of the balance equation of the distribution function. The idea of this
approach is to distinguish between self relaxation and relaxation between the
components. This is similar to the Sirovich method, but in the Hamel model
all terms express relaxation, and linearization is not used. In the two BGK
like terms of the Hamel model, there are densities, velocities and temper-
atures as parameters. In addition, the four relaxation times are additional
unknown quantities. The definition of these quantities are based on the ful-

fillment of the conservation of mass, momenta and energy for the mixture
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and some additional constraints for recovery the transport of momenta and
energy between the components. These transport relations are chosen as
dictated by the Maxwell molecule interaction. By using the constraints, the
unknown densities, velocities, temperatures and the collision frequencies are
determined in the method. Hamel derived the expression of the viscosity,
the thermal conductivity and the diffusion coefficient from the method. The
method gives the correct value of the diffusion coefficient similarly to the
Chapman-Enskog (CE) theory. The viscosity is only in qualitative agree-
ment with the CE theory. The Prandtl number is found to be unity in the
method. Hamel derived the linearized versions of the method. Two types of
linearization is considered. One is a linearization around the absolute equi-
librium, and another one is a linearization in the mass ratio. The Hamel
model has the advantageous feature that it goes beyond the Sirovich model,
which can be used for small departure from the global mixture equilibrium.
The approach of Hamel can be used for mixtures with disparate masses. The
Hamel model has been used for rarefied gas calculation. The Poiseuille flow
[12], Couette flow [97] of binary mixtures have been calculated on the basis
of the model. In addition, lattice Boltzmann methods have been constructed
on the basis of the Hamel model [83].

The approach of Morse [50] was published in 1964. This work is the same
as the Hamel model so that the formulation is omitted. Practically, Morse did
a similar deviation as Hamel. However, the paper of Hamel was submitted
earlier as the Morse’s one. In addition, the Hamel model already appeared
in his PhD thesis. The Morse’s approach starts with the non-linear BGK
operator for binary mixtures. The relaxation terms contain four equilibrium
distribution function with local densities, velocities and temperatures. In
addition, there are four relaxation times, each one attached to each term.
By using the constraints of the conservation of the mass, the momentum and

the energy, the number of independent parameters in the operator can be
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reduced. The approach applies the constraint for the exchange of momenta
and energy between the particles as defined by the Maxwell molecule system.
This constraint further reduces the number of unknown parameters, and
finally the operator results in the one provided by Hamel. It is stated that
Hamel applied the cut-off of the Maxwell potential, but this is explicitly not

needed in the work of Morse.

2.1.3 McCormack model

A different approach was established by McCormack [45] in 1973. The Mec-
Cormack model belongs to linearized kinetic theory. The goal of the model
is to capture all transport coefficients appearing in gaseous mixtures. The

linearized kinetic model is given by

0iPo + V05, P0 = Lag. (2.8)
B

Here, ®,,v, and L,g are the perturbation function of the species, the molec-

ular velocity and the collision term written by

Lag(cai) = =YapPa + Yaplat

1/2
29 Yaplai — |Uai — T Ui vy —
mpg B
7= 2™ — | (2= 3) &
Yapla my e T e (% T g

3 4
[(Yas — Vc(yg))Paij + Pﬂijyc(ylg)]caicaj"i_

§ (v —I/(5)>q i+ g 'I/(6)—§ Uni — M 1/2u- v %
5 af af ) Yai Bi¥ap 3 ai mg Bi af3

cm(i—g). (2.9)

In this formalism, c,; is the dimensionless molecular velocity defined by

DO

Cai = Vi(My/2KT)Y? with mg, k, T denoting the mass of the components,
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the Boltzmann constant and the temperature. In addition, Vgg, YoBs Vors Ui
T4, Paij, qai and my are the two types of collision frequencies, the densi-
ties, the velocities, the temperatures, the pressures, the heat fluxes and the
reduced mass. The kinetic model is formulated in terms of the departure
from equilibrium. McCormak developed a complete procedure to derive the
method. The idea is to divide the collision term into loss and gain terms.
The expression of the loss term is similar to the linearized framework, that is
proportional to the distribution function with a proportionality constant, a
collisional frequency. The gain term consists of the polynomial expression of
the molecular velocity multiplied with some weights related to the moments
of the distribution function. Particularly, the McCormack model is a gen-
eral third-order polynomial model in the microscopic velocity variable. The
polynomials are the eigenfunctions of the Maxwell molecule system. But, the
overall model can be used for arbitrary interaction potential. The unknown
coefficients in the polynomial expansion is determined by a constraints for
the collisional moments. In this way, the hydrodynamic behavior of the ap-
proach is exactly the same as for the true Boltzmann equation. The same
collisional moments are used as in the CE theory. They depend on the so-
called omega-integrals, which can be computed for an arbitrary interaction
potential. The construction of the model is relatively simple. The useful fea-
ture of the approach is that it generally describes all transport processes in
gaseous mixtures well. The method is extended for polyatomic gases as well.
In that case, the same polynomial procedure is applied as for the mixture
model. Another property of the McCormack model is that the H-theorem
can exactly be proved for that. During the last years, the McCormack model
has been used to model and calculate binary rarefied gas flows. Although
the model is relatively simple, it has been found that it is well-suited for the
description of gas mixtures in a wide-range of the rarefaction. Recently, a

large class of flows of gaseous mixtures in channels [53], [54], [68],[66], [67],
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[77], [90], [87] or half space problems [69], [70], [71], [78] has been modeled
and solved by using the McCormack model. It is emphasized again that all
transport coefficients can be adjusted in the model. It is expected that this
model provides the most accurate results compared to the true Boltzmann

equation.

2.1.4 Recent approaches

The collision operator of Garzo et al. [23| appeared in 1989. It is similar
to the approaches of Sirovich and Hamel. However, the operator of Garzo
et al. was developed to overcome a shortcoming of these two methods. The
collision term can be used to describe mechanically identical molecules, but
the model of Sirovich and Hamel can not be applied for this purpose. The
goal of the Garzo et al. approach is to model self-diffusion and describe
mixtures consisting of species with nearly the same masses. The model is

written by

atfa + Uaaxafa = Kaa + Z Kaﬁ; (210)
BFa

where f,v,, Koo and K, 3 are the distribution function for component «, the
molecular velocity, the self and cross collision terms. These collision terms

can be written as

Kop = —bap(fa — fa5), (2.11)

where the reference distribution function is defined by

R _ M, )3/2 _meV? LA 5 5 i1
op = Tla (27rkT exp | =77 | (14 Aag + BagaVa + CapV?). (2:12)

Here, ny, mq, k,T" and V, are the densities, the masses, the Boltzmann con-

stant, the temperature and the peculiar velocity of components. The un-
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known coefficients are given by

T
A= 3

My
Baﬁa == ﬁ(uaﬁa - ua>7

Mo |Topg—T My, 9
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Malaa + MFUSZ,
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Taﬁ:Ta+ ok

[(Tﬁ —T) + =2y — uﬁ)z] . (2.14)

where 1,4, T,, are the velocities and the temperatures of the species. The con-
struction of the model is similar to the Hammel one. It is based on the BGK
operator. The collisions between the molecules are described by relaxation
terms. In the relaxation terms, the distribution function evolves to a ficti-
tious reference distribution function, which differs from the exponential form
of the BGK or the Hamel models. It is a special combination of an exponen-
tial term multiplied with a polynomial expression of the molecular velocity.
The unknown coefficients in the fictitious reference function are related to
the macroscopic quantities. In addition, the collision frequencies are also
unknown in the relaxation terms. All unknown quantities are determined
under the constraints dictated by the conservation of mass, momenta, en-
ergy and the forms of the transport equations. For the latter constraint, the
collisional moments defined by the Maxwell molecules are used. By adding
together the kinetic equations of the separate, but mechanically identical
components, the kinetic equation of the single-gas case is obtained. The vis-
cosity, the thermal conductivity and the diffusion coefficient were derived for
the model. They have a similar structure as obtained from the Boltzmann
equation for Maxwell molecules. For the transport properties, the Onsager

relation is found to be hold. The approach can be used to describe mixtures
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consisting of components with nearly equal masses. It can be considered as
a complement to previous relaxation time approaches.

Next, the approach of Andries et al. [1] is discussed. The model appeared
in 2002. It is similar to the previous relaxation approaches 79|, (28], [50],
[23]. The kinetic model is written by

8tfa + éaaxafa = I/a[Ma - fa]- (215)

Here, f,,&,, v, and M, are the distribution function for species a, the molec-
ular velocity, the collision frequency and the reference distribution function
defined by

3/2 2
B Me Mme (& —v)
M, = n, (27T]€Ta> exp < T ) , (2.16)

where n,, m, are the density and the molecular mass. In addition, the veloc-
ity v, and the temperature T, are defined to recover the exchange relation
of the momenta and the energy between the components. The component

collision frequency is defined by
Vg = Z Vapng (2.17)
B=1

with 7,3 denoting the collision frequencies deduced from the interaction po-
tential. The goal of the approach is to ameliorate the shortcomings of the
mentioned previous relaxation models. The following properties are satisfied:
positivity of the distribution function, correct exchange coefficients, entropy
inequality and indifferentiability principle. In the models of [79], [23], the
positivity is not hold since they use linearization in terms of the departure
from the equilibrium state. The entropy inequality was not shown for [79],
[28], [50], [23]. The indifferentiability principle, i.e. the kinetic equation re-
duces into the single gas case with mixtures having mechanically identical

particles, is covered only in the model of [23]. In the method of Andries et
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al., the collision operator is built from a single relaxation term for the whole
mixture. This choice can ensure the indifferentiability principle. There are
fictitious quantities related to the macroscopic densities in the equilibrium
distribution. All these quantities and the unknown collision frequencies are
determined from the constraints of the collisional invariants and the moment
transport between the components. The model also applies the Maxwell
molecule system. The entropy inequality was shown to hold for the model.
In addition, the macroscopic limit of the kinetic equation together with the
transport coefficients was derived. To summarize, it is mentioned that the
method of [1] is rather a mathematically refined version of previous relax-
ation approaches. The model has been used in Ref. [36] to test different
approaches in practical calculations.

Finally, the model proposed by Kosuge in 2009 [36] is presented. This
approach is similar to the McCormack model but non-linear. The model

reads such that

atfa + éaaxafa — Z Jﬂa (218)
B

where f,,&, and Jg, are the distribution function for component «, the

molecular velocity and the collision operator given by

Jpa = (2:'1;T>3/2 exp <_;Z;ﬂ(§ - u)2> Ppa — deanﬂfa» (2.19)

where my, k, T, u, and ng are the molecular mass, the Boltzmann constant,

the temperature, the mixture velocity and the component density. In addi-

tion, ®g, is a polynomial function defined by
o 3
Do = K]@ nﬁna+2cai<b(ﬁlozi + (Caz _ 5) <I>(;c3+
4 5
i Bl + 2 o (cﬁ — 5) oL (2.20)

where Go = (ma/2kT) V(6 — ug), Ko, 85, 0%, &)

Barij and @gﬁi are the di-

mensionless peculiar velocity and the coefficients in the collision term. The
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collision operator in the kinetic equation is split into gain and loss terms.
The gain term consists of the multiplication of a velocity polynomial and an
equilibrium distribution function, while the lost term is proportional with
distribution function. The unknown constants in the velocity polynomial
are functions of the macroscopic quantities. The explicit expressions of the
unknown functions are determined by some constraints for the collision op-
erator. The first few moments of the operator are the same as the true
Boltzmann collision operator with using the Grad distribution function, the
13 moment approximation. The model can be applied to arbitrary molecular
interaction. The interaction affects the collision frequencies. The model can
be used as the modification of the McCormack operator for non-linear flows.
However, unlike the McCormack case, the H theorem was not proved for
this model. Kosuge has used the approach in simulation of a real problem,

condensation of the vapor of a gaseous mixture [36.

2.2 Gas microfludics — General

The field of microfluidics emerged in the 90s. It has attracted much attention
during the forthcoming years in the scientific community. Review articles and
books providing an introduction into the subject have been published. Here,
we mention the review article of Ho et al. [30], the book of Karniadakis et
al. [34] and the contribution of Kandlikar et al. [33].

2.3 Modeling of rarefied gas flows

2.3.1 Extended hydrodynamics

The description of the flow in a microsystem may be carried out by extended
hydrodynamics at small Knudsen numbers. In this case, the Navier-Stokes

equation is still considered valid, but an appropriate modification of the

34



boundary conditions is introduced to describe the slip and the jump of the
macroscopic quantities. The validity and the usefulness of extended hydro-
dynamics have been studied by various researches [41], [40], [42]. The cor-
responding equations for gas flows through specific microchannels have also
been solved [48], [49]. Lattice kinetic models, notably the Lattice Boltzmann
method, have been developed and applied for modeling gaseous flows at finite
rarefactions [81], [82], [84]. While extended hydrodynamics is valid at small
or moderate rarefaction, kinetic theory is necessary for the whole spectrum

of the rarefaction.

2.3.2 Kinetic description — Flows in long channels

For an overview of the general kinetic theory, the interested reader may refer
to the books of Cercignani [13], [14] or Chapman and Cowling [15]. When the
flow is through long channels, the speed of the flow is small and the linearized
description can be applied. The linearized Boltzmann equation and available
linearized kinetic models for both single gases and mixtures have been solved
by many researchers for various flow configurations by using the discrete ve-
locity method, which is a common tool for solving kinetic equations [2], [95],
[46]. For single gases, the BGK model has been solved for rectangular [63],
[98], [99], circular [99], elliptical [25], annular [10], triangular [52], [99] and
trapezoidal [99] ducts. Accelerated discrete velocity schemes have been de-
veloped for single gases [98], [38] and mixtures [55]. An accelerated discrete
velocity method has been developed for triangular grids [91]. The McCor-
mack model describing gaseous mixtures has been solved for flows between
two parallel plates [53], through rectangular 55|, [54] and circular [68] chan-
nels, Couette flow [66] and heat flux between two plates [67]. Recently, the
model has been solved for flows through triangular and trapezoidal channels
[90], [89]. The analytical discrete ordinate method, which is very accurate

but can be used only for one-dimensional problems, has also been applied
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to solve the McCormack kinetic model for specific flow configurations [77].
The slip coefficients have also been calculated by the method [78]. Binary
gas flows with the rigid-sphere interaction have been solved by the analytical
discrete velocity method as well [21], [22].

2.3.3 Kinetic description — Flows in short channels

For flows through short channels, the speed of the flow can be in the range
of the characteristic molecular speed. In this case, the full non-linear Boltz-
mann equation should be considered for describing the flow. The solution
of the non-linear Boltzmann equation can conveniently be made by the di-
rect simulation Monte Carlo (DSMC) method. Although the idea of the
Monte Carlo technique was known previously, Bird developed and worked
out the comprehensive simulation strategy, known as the DSMC, for rarefied
gas flows [8]. Later, it was revealed that the DSMC solves the Boltzmann
equation [102].

In the DSMC, the motion of model particles is simulated in the real
geometry by splitting between free streaming and collision. The selection
of particles for collision can be made by the widely used No Time Counter
scheme [8]. In this approach, there is constant time step and the particle
selection can be derived from the Boltzmann equation. On the contrary,
the Mayorant Frequency Scheme applies random time step and selection
is derived from the master kinetic equation [31|. The collisions treatment
between the particles may be defined by supposing hard-sphere, variable
hard-sphere [8] and variable soft-sphere interactions [37], which are the most
popular approaches. Other versions of the DSMC have also appeared at a
later stage [17], [9]. Recently, the DSMC has been applied for modelling
pressure and concentration driven flows of gaseous mixtures between two
parallel plates [85].

The flows through short channels were first examined theoretically by
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Hanks and Weissberg [29]. They considered flows through circular capillaries
and developed a flow rate formula in the hydrodynamic region by taking
into account the slip effect at the walls. The DSMC method was used to
compute supersonic free jets through orifices by Usami and Okuyama [96].
Shinagawa et al. studied the flow of rarefied gases through short tubes by
using the DSMC method [76]. Experiments were also carried out in that
work. Then, Lilly et al. simulated rarefied gas flow through short channels
by using the DSMC method [39]. They examined the effect of the channel
length on the flow. Sharipov computed the flow through an orifice by the
DSMC [64]. Later, rarefied gas flow through short tubes into vacuum [100]
and at arbitrary pressure ratio [101] was investigated by the DSMC method.
Flows through slits into vacuum [73] and at arbitrary pressure drop [74] have
also been studied by using the DSMC.

2.4 Experimental studies on rarefied flows

Experimental work on gas flows through channels has almost been referred
to the measurement of the flow rate. Generally, the constant volume method,
the bubble-tacking method and the direct measurement of the pressure drop
at constant flow rates have been applied. For low-flow rates, the constant

volume method can be considered as the most appropriate.

2.4.1 Flows through long channels

Previous works for long channels have mainly focused on single component
gases. In early years, Bergoglio et al. measured and reported the flow rate
through metal capillaries [6]. Arkilic et al. measured the mass flow rate
through microchannels and determined the tangential accommodation coef-
ficient [3]. Higher-order boundary conditions have been proposed and vali-

dated for circular and rectangular microchannels by Aubert et al. [4] and
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Colin et al. [16]. The mass-flow rate was measured through circular and plane
channels by Zohar et al., and the results have been compared to analytical
results in the hydrodynamic limit [105]. The second-order slip coefficient
was determined for shallow rectangular microchannels by Maurer et al. [44].
Ewart et al. measured the flow rate through circular and rectangular mi-
crochannels [18], [19]. Bentz et al. reported results for the viscosity, the slip
and accommodation coefficients by using a spinning rotor gauge [5]. The
experimental flow rates through long circular channels have been measured
and compared to the numerical solution of the BGK model [99]. Recently,
Pitakarnnop et al. have measured the flow rate of binary gases through

microchannels [58].

2.4.2 Flows through short channels

The flow rate through short circular tubes was measured by Sreekanth in the
slip and transition region [80]. Borisov et al. [11] and Porodnov et al. [59]
carried out flow rate measurements for orifices. That works focused on small
pressure drop, but a wide range of gas rarefaction was covered. Fujimoto et
al. measured the flow rate through short tubes in a wide range of rarefaction

by applying an unsteady experimental technique [20].

2.5 (Gaseous separation

In addition to the previous sections, an overview of the gas separation in
mixtures is provided. In specific flow configurations, the components of the
gas may separate due to the diffusion of the gas. This effect can be important
in applications, such as composite membrans and meshes [27], [26], where
the goal is the separation of different species. Another application can be
gas chromatography, where the different gas components separate by flowing

through capillaries.
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The gaseous separation in long capillaries in the free molecular and slip
regime has been discussed theoretically in Ref. [104]. Recently, the sepa-
ration in long channels has been examined in the whole range of the gas
rarefaction on the basis of linearized kinetic description by Sharipov and
Kalempa [72],[32] and Szalmas and Valougeorgis [90]. The separation also
occurs in flows through short channels. Previously, a few theoretical and
numerical work has been devoted to address the separation effect in these
channels. Raghumaran and Davidovits estimated the velocity profiles in free
jet expansion on the basis of the Hamel model [60]. They found the evidence
of the velocity difference between the components. Nanbu using the thirteen
moment equations with the assumption of Maxwell molecules [51] and Mitra
et al. using a two-fluid model in the visous limit [47] investigated nozzle
flow of helium-argon mixture. The difference between the axial component

velocities was confirmed in both cases.
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Chapter 3

Simulation of binary gas flows
through long microchannels of
triangular and trapezoidal cross

sections

3.1 Introduction

In the present chapter, the computational investigation of flows of gaseous
mixtures through long microchannels is performed. The study is based on
the kinetic description of the flow; as a result, it is valid in the whole range
of the gas rarefaction. The investigated model problem consists of a long
channel connected to upstream and downstream reservoirs. The gas flows
through the channel, driven by pressure or concentration gradients, which is
practically achieved by setting the pressures and the concentrations at the
inlet and the outlet of the channel. For long channels, even if the pressure
difference between the inlet and outlet cross sections is finite, the speed of

the flow is small compared to the characteristic molecular velocity; as a
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consequence, the linearized description can be used.

The calculation of the flow through the channel is divided into two stages.
In the first step, the local properties of the flow are calculated by assuming
the local driving forces. The McCormack kinetic model [45] is utilized to
describe the gas. Accelerated discrete velocity methods have been developed
for solving the resulting kinetic equations [91], [90].

In the second step of the analysis, the global flow properties, such as
the flow rate, are deduced on the basis of the local information. A flow
calculator for the rarefied gas has been developed to achieve this goal [90].
It provides the flow rates and the pressure and concentration distributions
along the channel. It is noted that the flow of the gaseous mixture is affected
by the so-called separation phenomenon |[72|, [32], [90]. The different gas
components have different velocities in the channel; as a result, the gas tends
to separate. This can results into a non-uniform concentration distribution
of the mixture along the axis of the channel. It is noted that even if the
mixture is driven by the pressure difference between the inlet and the outlet
of the channel, the separation phenomenon can have a significant impact
on the flow. The effect of the separation on the flow is investigated in the

present work.

3.2 Flow configuration and formulation

The flow of gaseous mixtures through long triangular and trapezoidal mi-
crochannels is calculated. These cross section shapes can be found in engi-
neering applications. The microchannels etched by KOH in silicon wafer can
have triangular and trapezoidal cross sections.

In the description of the geometry, Cartesian coordinates are used. The
axis of the channel lies along the 2’ coordinate direction, while the cross

section is located in the 2/, 1y’ coordinate sheet. The characteristic length of
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Figure 3.1: The cross sections of the triangular and the trapezoidal channels.

the problem is defined as the hydrodynamic diameter of the channel

44’
Dh: T

(3.1)

where A’ and I denote the area and the perimeter of the cross section, respec-
tively. Dimensionless coordinates are introduced as x = z'/Dy,y = y'/Dj,
and z = 2//Dy. The length of the channel is denoted by L. The condition
of the long channel corresponds to L >> D,. The triangular and trape-
zoidal cross sections are presented in Figure 3.1. The geometrical shapes
are characterized by the angle w on the base (or large base) and the ratio
of the small base to the height b/h. It is noticed that the triangular cross
section is recovered by the trapezoidal one by setting b/h = 0. The compu-
tational methodology developed here refers to arbitrary w. However, there
are particular importance of the angle 54.74°, which is a special value for the
microchannels etched by KOH.

The gaseous mixture consists of two components o = 1,2. The molar
masses and the molar densities of the components are denoted by m,, and n,,
respectively. The total density is introduced by n = ny + ny. To characterize
the mixture, the concentration of the first component is introduced as

c=" (3.2)

n
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The concentration is a varying quantity in the channel. Its value at the inlet
and the outlet of the channel is denoted by C4 and Cp, respectively. The
pressure of the gas is denoted by P. Its inlet and outlet value is given by P4
and Ppg. The rarefaction degree of the gas is characterized by the rarefaction
parameter

PDy
1(Cuo(C)

Here, u(C') is the viscosity of the mixture and vo(C) is the characteristic

2]€T0
v(C) = \/ m(C)’ (3.4)

where k and Tj are the Boltzmann constant and the temperature of the gas.

5= (3.3)

molecular speed defined by

In addition, the average mass of the mixture is given by
m(C) = Cmy + (1 — C)ms. (3.5)

The flow is driven by the local pressure and concentration gradients along
the axis of the channel

0P 1 aC 1

Xp= 22 2
P 0, P T 920

(3.6)

The pressure gradient drives both components in the same direction, while
the concentration gradient tends to move the gas components in opposite
directions. These driving forces are given in dimensionless forms. Since the
channel is long, Xp << 1 and X¢ << 1. These relations imply that the
driving terms are small; hence, the linearized description is applicable.

One of the interests of this work is in the macroscopic velocity of the gas
components u,. The velocity has only z component for the long channel
u, (z,y) = [0,0,u (x,y)]. Dimensionless macroscopic velocity is introduced

according to u, = u!, /uo(C).

43



Another quantity, which has major practical importance, is the dimen-

sionless flow rate of the components

Gy = —% // Uodxdy = —2,, (3.7)

where A is the dimensionless area of the cross section and the overline denotes
the spatial average of the velocity over the cross section.

Since linearized description is applied in the present problem, the macro-
scopic velocity is a linear function of the driving terms. Since there are two

driving terms, the velocity field can be decomposed as

U = u Xp 4+ 19 X, (3.8)

(P

where ug ) and u&c)

are the velocity profiles caused by either unity pressure
or unity concentration gradients. In the same manner, the flow rates can also

be decomposed such that
Go =GP Xp +G9X,. (3.9)

Here, G and G'9 denote the flow rates for the pressure and concentration
driven flows with unity driving terms.
For later purposes, two thermodynamic fluxes, the particle Jp and diffu-

sion J¢ fluxes, [68] are introduced as
Jp=—ny //(C’u'1 + (1 = C)uy)d'dy (3.10)

Jo=—n //(u'1 — ub)dz'dy’. (3.11)

The particle flux is related to the total flow rate of the mixture, while the
diffusion flux describes the difference of the flow rates between the compo-
nents.

In addition, the dimensional molar flow rates of the components J, and

the total mass flow rate M are introduced as

Jo = // neundx'dy’, (3.12)
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and
M = //(mlnlu'l + mangus)dx'dy’. (3.13)

There are relationships among the introduced flow rates. The .J, and M

flow rates can be expressed by using the Jp and Jo fluxes such that

J=—-CJp+(1-0C)Jg, (3.14)
Jy=—(1—C)(Jp — Je) (3.15)

and
M = —m(C)Jp + (my —my)(1 — C)Je. (3.16)

In this way, the physically interesting flow rates are determined by Jp and
Jo, which are first determined in the calculation.
The Jp and Jo thermodynamic fluxes are connected to the driving forces

via the so-called kinetic coefficients Abp, Alp, Ap and Al [68] such that

Jp = NppXp + Npe X, (3.17)
Jo = MNopXp + Ao X (3.18)

This relationship expresses a linear dependence of the flow rates on the driv-
ing terms. It is noted that the kinetic coefficients are not independent. The
cross coefficients are connected to each other via the Onsager reciprocity law
such that A = App [62]. For later purposes, the dimensionless kinetic

coefficients are introduced by

2
A= —— A\ 1
) nA’U()(C) %] (3 9)

with 4,7 = [P, C].
The kinetic coefficients completely characterize the system from the view-

point of the flow rates. If the coefficients are known, the component, total and
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mass flow rates can be calculated. The kinetic coefficients can be obtained
by considering pressure and concentration driven flows.

One of the main objectives of the research is the calculate and tabulate
the kinetic coefficients for a wide range of the gas rarefaction and concentra-
tion for specific mixtures. In order to obtain the coefficients, the local flow
problem needs to be solved. The solution is based on the kinetic level. The
kinetic coefficients can be obtained from the previously introduced dimen-

sionless flow rates GY and G such that

App=CGY +(1-0)GY", Ao = C(GY" - GY7) (3.20)
for a pressure driven flow and

Ape = CGY + (1= 0)G,  Ace = OGO —G{. (3.21)

for a concentration driven fow.

3.3 The McCormack model

The McCormack linearized kinetic model [45] is used to describe the flow
configuration at the kinetic level. The basic quantity of the description is
the one-particle distribution function f,(ca,,y, z) for gas components o =
1,2. Here, ¢, is the non-dimensional microscopic velocity vector defined by
Co = Vo(my/2kTH)'? with v, being the microscopic velocity. The system is
close to equilibrium, hence the distribution function is linearized according

to
fa(com x,Y, Z) = f(gO)(cm Z)(l + h((xp)(cav L, y)XP + h((xC)(caa L, y)XC) (3'22)

Here, the perturbation from the equilibrium state is decomposed from the

functions hg)(ca,x, y) with ¢ = [P, C] for pressure or concentration driven
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flows i = [P, C]. The equilibrium distribution function £ (c,, 2) is given by

m, 3/2 2
I8 (€ar 2) = na(2) (%;TO) (3.23)
The perturbation function obeys the McCormack kinetic model [45]
ony o 2 " i
Caz O + Cay By = wa;Laﬁhﬁ — cazné). (3.24)

On the right hand side of this equation, Laghg) denotes the McCormack

collision term, the quantity w, is defined by

1 _
o = 4| 2 {9 + C] 5 (3.25)
m M Y2

and
P P
=1, =1, (3.26)
©) ©) C
—1 - 3.27
h v T 1—_C ( )

for the pressure i = P or concentration ¢ = C' driven flow, respectively.

The McCormack collision term for the present problem is written by

Laghg = — ’)/agha—l—

[Ma (1) L (2 Ma
2 - « o a T - 5 a T oz
- [’V Bl — Vog (Ua — up) Vs (q mﬁ%)} Cazt

4[(7&6 - V,Sg )pazz + Vglﬁ)pﬂa:z]cazcaz'f’
3 4
4[(7045 - V(()zﬂ) )payz + V((lﬁ)pﬁyz]cazcay‘i‘

4 [mg ) 6 [mgs e
s\ {(’Yaﬁ - Va5>qa + Vag m—an - z_lyaﬁ (ua —ug) |

Cas (ci — g) : (3.28)

In the present situation, the involved macroscopic quantities are the non-

dimensional velocity u,, heat flow ¢, and traceless pressure tensor p,;;. The
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last two quantities can also be decomposed for the two types of flow as the

velocity such that

4o = ¢\P'Xp 4+ ¢ 9 Xe, (3.29)
Pajz = PE,;)ZXP + Pgchw (330)

where the index j refers to the coordinates x or y. All macroscopic quantities
are defined as the moments of the perturbation function. More particularly,

the velocity, the heat flow vectors and the pressure tensor are obtained by

1/2 oo
= () e (331
Mme —00
1/2 oo
: , 5
d = () [ e (@3 ) e tden, @)
pS;ZZWB/Q/ hg)cajcazefcidca. (3.33)

In McCormack model, the ug’;), Yo and 7,3 quantities are the collision

frequencies. These quantities are related to the Chapman-Cowling integrals
Qgﬁ such that

Ve = ?”:,jjnﬂ% (3:34)
v = % <ﬂ;jj>2nﬁ <Q}fﬁ . gQ;g) , (3.35)
0 =1 (”;zﬂ)Z e, (?Qgﬁ n Z—fﬂié) | (3.36)
VY = ? (”;;;)2 Z_;nﬁ (?Q}jﬁ - ngﬁ) , (3.37)
V) = % <”;;“f )2 Z—;nﬁrf’ﬁ), (3.38)
=5 () () e o



where

15m, 25
) =0+ (e 2 ot (1) (508 - 98), G40

4m5 8ma o
6) _ 22 99 11 5 12 1 13

The Chapman-Cowling integrals can be defined for a particular interaction
potential. Throughout this work, the realistic potential of Kestin et al. [35]
is used. The procedure of deducing the collision integrals is presented in
Appendix A.1. The realistic potential was derived from the experimental
measurements of transport coefficients, and it is suitable for comparative
purposes between theory and experiment.

To complete the formulation of the McCormack model, the reduced mass

is defined as

Me3 = _Ma'Mpg (3.42)

Me +mg

The 7,4 collision frequencies appear in the combination v, = Yaa + Yas and

they are given by

SaSp — 04
Sﬁ + Vo3
(3) (4) (3)

where S, = Vaa — Vaa + V5. In the expressions of v, and S, a, 8 = [1,2)]

and o # 3.

The kinetic equation is supplemented with the boundary condition for the
perturbation function. In the present work, the diffuse-specular boundary

condition is assumed at the channel walls for the incoming populations

9 (e,) = (1 — o) (c), (3.44)

«

where ¢ is the accommodation coefficient and ¢/, denotes the specularly re-

flecting counterpart of the incoming velocity c,.
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It is recalled that the configuration of the channel flow is two-dimensional
and the flow is perpendicular to the cross section. Under these circumstances,
the kinetic problem can be simplified by introducing two reduced distribution

functions according to

: 1 m o * ; 2
ol = —/— h cqre = de (3.45)
« ﬁ ma /OO /OO « (6% Az
: 1 m o > ; 2
v = —, [ — O3 ez dey,. (3.46)
“ ﬁ me /—oo /—oo “oes “

It follows from the McCormack kinetic model that these functions obey the

following four equations

oY oL 1 [m
ar” o « « ocCD() - o - (@)
c Oy —i—cya + Yaw 3 mana—i—
2
i i i 2
Wa Z [A;/)g + QB&%JCCM + QBégycay + ch(y;@ix + 2, — 1)] (3.47)

B=1

and

Caz Ca aWa =
ox Y Oy i @ 4\ m, Tla

2
3 3
Wa Z {21406/3 + BBaﬁxcax + 3Baﬂycay + gCé%(Cix + ciy)] : (3.48)
B=1

where @ = 1,2 for the two components. The coefficients AS;, Bgﬂj and C) o3

in these equations are related to the macroscopic quantities according to

i i 1 Mo (i
A = rapud P — ) = 5 “(qg) ), (B

B( ) = (Yap — V \/ pajz + Vaﬁ \/ m pﬁ]Z’ (3.50)

B (¢ 5 2 i i
Cl) = (Yap — VN4 + v/ aq};) e () — ). (3.51)
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In the reduced description, the macroscopic velocity and heat flow vectors

and the pressure tensor are given by

ug) = —/ / Cbg)e_ciw_caydcwdcay, (3.52)
TJsoJ—c0
(4) I A (4) 2 2 5 ()| —c2,—c2
9o = ; —00 J —00 \I]a + Cax + Cozy o 5 (I)Oé e aydcaxdcay, (353)

P((l;z = ;\/mﬂ/ / Caj @V e A ey dey,. (3.54)

For the reduced distribution functions, the diffuse-reflection boundary

condition is given by
PO (+) = (1-0)2" (=), WO(+) = (1 - )W (-), (3.55)

where the + and — arguments denote the incoming population and its spec-

ular counterpart with regard to the wall, respectively.

3.4 Accelerated discrete velocity algorithm in

triangular lattices

3.4.1 General

The integro-differential equations of the McCormack model are solved by
the discrete velocity method (DVM). The DVM can be used to solve various
kinetic equations appearing in rarefied gas dynamics [2], [95], [46]. Both the
microscopic velocity variable and the spatial coordinates are discretized in the
method. The resulting discrete equations are solved numerically. The DVM
has been successfully used in the past in rarefied gas dynamics. However, it
is known that the method becomes slow in the hydrodynamic domain. This
shortcoming can be improved by the synthetic-type accelerated DV M.

In the present work, an accelerated DVM has been developed for triangu-

lar lattices [91], which are applied for the description of flows through chan-
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nels with triangular and trapezoidal cross sections. In the accelerated DVM,
the kinetic equations are supplemented with additional moment equations.
These equations are derived from the kinetic ones. Both types of equations
are solved in a coupled iteration in the DVM. This process results into a bet-
ter computational performance in the hydrodynamic limit and speeds up the
DVM. In addition, a discrete stability analysis is developed in order to ex-
amine the convergence behavior of the method. The stability analysis proves
that the accelerated DVM has a better iteration performance.

In the following, the development of the accelerated DVM is described.
The presentation starts with the BGK operator describing single component

gases. Secondly, the method is applied to the McCormack kinetic model.

3.4.2 Single gases

The fully developed pressure driven flow of single component gas through a
long channel with triangular cross section is considered. The gaseous flow
is described by the Bhatnagar-Gross-Krook model applying the single re-
laxation time approximation [7|. Since the channel is long, the flow can be
described in a cross section of the channel. For the considered problem, the

BGK equation can be written by
- V(e 0,2) + 6D (e, 0,2) = OF) (@) + S(x).  (3.56)

In this equation, f**1/2)(c, 0, x) denotes the reduced distribution function,
¢ = (¢, 0) is the molecular velocity given in polar coordinates, & = (z1,x2)
is the two-dimensional position vector defined in Cartesian coordinates in
the cross section sheet, Fétg(w) is the velocity of the gas along the channel
axis, S(x) is a source term, which is S(x) = —1/2 for the Poiseuille flow
considered here, and t is the iteration index in the procedure of the solution.

In addition, ¢ is the rarefaction parameter.
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The above equation is supplemented with the expression of the macro-

scopic velocity obtained as the moment of the distribution function

1 2m oo
Féf(;rl)(m) = %/o /0 FED (e 0, x) exp(—c?)ededd. (3.57)

At the channel walls, the diffuse boundary condition is applied for the dis-

tribution function
fle,x) =0, for c-mn >0, (3.58)

where x;, denotes a boundary point and n is the normal vector pointing to
the gas phase at the wall.
In this development, there is a special focus on the dimensionless flow

rate, which has major practical importance, defined as

G = z/‘/‘ F(),o(fl?)di[}ldl'g, (359)
AJJa

where A denotes the cross section of the channel.

The BGK kinetic equation is solved in an iterative manner as denoted
by the iteration index ¢t. The distribution function is calculated in the iter-
ation step ¢ + 1/2 by solving Eq. (3.56) with the assumption of the known
velocity field at the iteration stage t on the right hand side. This solution
is carried out by discretizating the velocity and coordinate spaces and using
the finite-difference method. On the basis of the obtained distribution func-
tion f**1/2(c, 0, ), the velocity field is calculated in the next iteration step
t 4+ 1 from Eq. (3.57). The iteration is repeated until a convergent result is
obtained. A convergence criterion is established by using the dimensionless
flow rate. The flow rate in each iteration step is denoted by G*. The solution
procedure terminates by fulfilling the following condition |G — G| < e,
where € is a predefined threshold for the convergence. This procedure is the
standard iteration for the solution of the kinetic equation.

The standard iteration is improved by introducing the accelerated iter-

ation of the kinetic equation. In this way, the relatively slow performance
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of the standard iteration can be overcome. In the accelerated method, a
moment equation, which is solved in parallel with the BGK equation, is
introduced. The moment equation can be derived from the BGK one by
taking its velocity moments and manipulating the resulting expressions. The

additional moment equation is given by
AF(tJrl) o
0,0 (z) =
1 1
— 5O P @) — 50, s (@) = 00,00, PP (@) — 85 (@),
(3.60)
On the right hand side of Eq. (3.60), the quantities Fby, Fp2 and F; are
the Hermite moments of the distribution function

1 2 0o
ngl/Q) (;B) = — / / f(t+1/2) (C, 97 w)Hm7n<C) eXp(—C2)CdCd9, (361)
’ TJo Jo

where m+n > 0 and H,,,(c) denotes the two-dimensional (m,n)-order Her-
mite polynomials. They can be defined from the one-dimensional n-order
polynomials H,,(x) such that H,,,(c) = H,,(ccos(d))H,(csin(h)). For com-

pleteness purposes, the first few elements of these polynomial are given by

Ho(n) =1, (3.62)
Hi(n) = 2n, (3.63)
Hy(n) = 4n* — 2. (3.64)

In the accelerated method, the iteration procedure performs as described
as follows. In each iteration step, the distribution function at stage ¢ + 1/2
is calculated as in the standard iteration. Then, the higher moments of the
distribution function are calculated according to Eq. (3.61). By using these
moments, the additional moment equation, Eq. (3.60), is solved to yield the
velocity in the next step, FO(fJ Y (x). The iteration terminates by fulfilling the

same criterion as in the case of the standard iteration.
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The accelerated method requires the solution of Eq. (3.61), which is
carried out by an over-relaxation solver on the same spatial grid as used for
the BGK equation. Finally, it is mentioned that the boundary nodes are not
accelerated in the present scheme. However, it does not introduce significant
change in the performance, since the number of these nodes is negligible

compared to the interior part of the domain.

Discretization

The solution of the kinetic and moment equations are carried out by the dis-
crete velocity method. The spatial and velocity coordinates are discretized.
The spatial variable is discretized by using a triangular grid, which is fitted
to the boundary of the cross section. The triangular grid is shown in Figure
3.2. The discretized spatial coordinate is denoted by x,, where p is the p-th
node on the gird with 1 < p < L, where L is the total number of nodes.
The velocity variable is given in polar coordinate system. The magnitude
of the velocity vector and the polar angle are discretized as ¢, and 6, with
1<g< Mand1<r <N, where M and N are the number of nodes used
in the corresponding discretization.

Figure 3.3 presents a computational cell on the triangular grid. A central
node denoted by A with coordinate x, and its six surrounding neighbours
are shown. The six neighbours are connected to the center node via the
vectors 7;, j = 1...6. The coordinates of the neighbours are given by x, + ;.
An arbitrary velocity vector ¢ with velocity magnitude ¢, and polar angle

0 <6, <27 is also presented in the figure.

Standard iteration

The BGK equation, Eq. (3.56), is transformed into a discrete equation by

approximating the spatial derivative on the left hand side by finite-difference
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Figure 3.2: The triangular grid used in the discretization of the spatial coor-

dinates.
forms
A ety - jzi;ajwr)f““m(cq, Or.,+ 7))+
O ey, 0, y) = OFy () + S(ay).

)

(3.65)

The bracketed term on the left hand side of this equation represents the
discrete form of the advection operator of the BGK equation. The spatial
derivative is calculated by an upwind finite difference approximation using
the information on the central node A and the upwind point B, Figure 3.3.
The spacing between these two points is denoted by A(6,). The scheme
works in such a way that by using the information on the nodes 4 and 5, the
distribution function is linearly extrapolated to the point B. In the scheme,
a;(f,) are weight functions describing the interpolation and the differential
form. For every angle 0,, there are only two non-zero a;(6,) weights from

the six-element set. The weights and the distance between A and B are
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X1

Figure 3.3: The computational cell for one node on the triangular grid.

defined in a compact form. These quantities can be determined by using the
vector B; = [y1,71 + V3, T, ™ + Y1, + 71 + 73, 27| and the sine theorem for
the geometry given in Figure 3.3. It is seen that the six elements of j; are
the upper bounds of the six polar angle sectors of 6,.

The weights a;(0,) are periodic with respect to 0,., a;(0,) = a;(0, + 2m),
and they have the following property a;(6,) = a;13(0, — m) for i = 1,2,3.
These properties make the definition easier. The weights are defined only in
the 7 < 0, < 27 angle interval. There are two elements from a;(6,) which
are non-zero for each 6,. These elements are defined by

a:(60,) = sin(6, — B;) Tiq1

; 3.66
Sln(er - 5i+1) Tiy2 ( )

and

_sin(0, — Biy2) Tiys
asn(fr) = sin(0, — Bi1) Tige’

for 62'+2 < 97» < ﬂiJrBa where ¢ = 1,2,3.

The distance function between node A and the extrapolated node B,

(3.67)

A(,), is also periodic with respect to the angle 6,.. It is convenient to
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define the distance function for the angle interval m < 6, < 27 covered with

the indices ¢ = 4,5,6 in ;. After straightforward calculation, the distance

function for the selected interval can be determined such that

sin(B;—1 — @'—2)%
sin(f, — Bi_a) 7

Finally, the discretized form of the macroscopic velocity, Eq. (3.57), is

A(@T) = for 61',1 < HT < 61 (368)

discussed. By using the discrete angles in the discretization of the velocity
space, the macroscopic gas velocity can be determined by applying quadra-

ture approximation of the integrals

Fyo () NZZ FU2 (g, 0, @), (3.69)

g=1 r=1

Here, the quantity w, denotes the associated quadrature weights.

Accelerated iteration

In this section, the solution of the diffuse-type moment equation, Eq. (3.60),
is discussed. The solution is again based on the finite-difference approxi-
mation of the spatial derivative on the triangular grid. The finite-difference
approximation of the Laplace operator on the central node A, Figure 3.2,
uses the information on the six surrounding nodes.

The discrete moment equation is written by
6

Z [51,]‘ + b2,j} [F(ﬁ;rl)(wp + 7)) — F(g,t(;rl)(wp)] =
j=1
—= Z by [Fao P (@ +15) — Fyd P (2,)] -
- Z b [Fo P @y + 1)) — By ()]~

zbw FEY (@, + ) — FOYP ()] — 6S(,). (3.70)
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On the left hand side of this equation, the finite-difference approximation

applies the weights b, ;. The present approximation is second-order with

respect to the grid spacing. However, it is mentioned that second-order ac-

curacy is needed since the spatial derivatives are second-order in the moment

equation. The b, ; weights are obtained by using the Taylor expansion of the

velocity around the central node A.

By considering the second-order Taylor expansion of an arbitrary function

g(x) around the central node A with coordinate x,, the function at the six

surrounding nodes can be written as

g(mp + Tl) = g(mp)+8x1g(mp)rlz1 + 8219(5131))7"%3717 (3-71)

g(xp +12) =g(2p) + 00, 9(2p) 722, + 00y 9(Tp) 720, +
5831 (wp)r§x1 + 2832 (wp)rgxg + 8118129(wp)7n2331/r23327 (372)

g(wp + TB) :g(a:p) + 8x1g($p)r3x1 + azzg(wp)r?)a:g“'
—821g(:13p)r3x1 + = 822g(a:p)r3x2 + 03,00, §(X) T34, 325, (3.73)
g(wp +7y) = g(wp)+am1g(wp)7‘4xl + azlg(wp)riwl, (3.74)

g(wp + T5) :g(wp) + axlg(wp)rfml + aIQ.g(wp)r512+

1

5651 (wp>r5:c1 + 3 6229(581,)7“5:02 + axlawzg(wp)r5l“1r5x27 (375)

g(mp + ’r6) :g(mp) + a;mg(mp)rﬁm + 3xgg(mp)r6m2+
a2lg(wp)r6m1 + 3 a2gg(wp)r6m2 + 856185629(3:]3)7“61‘17“6332 (376)
In these equations, the quantities r;,, and 7;,, with ¢ = 1,2 denote the

coordinates of the space vectors ;. These quantities can be determined from

a trigonometrical calculation with respect to the cell in Figure 3.3.
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The Laplace operator in the momentum equation can be expressed by
taking the suitable linear combination of Egs. (3.71)-(3.76) such that

07,9(x,) Zbll (p +7i) — g(p)], (3.77)
02, g(x,) me (x, + 7)) — g(x,)], (3.78)
Or, 0, 9(,) Zbgz (@, + ;) — g(,)]. (3.79)

The expression of the weights b,; can be obtained from Egs. (3.71)-(3.76).
The weights have the following property b,;, = b,,43 for ¢ = 1,2,3. The

nonzero elements of the weights b,; for i = 1,2, 3 are given by

by = 1/17, (3.80)
bo,i = — cos(71) cos(72) /[rf sin(y1) sin(72)], (3.81)
bao = cos(ya)/[r1r2 sin(y1) sin(q)], (3.82)
bos = cos(v1)/[rira sin®(y1)], (3.83)
by, = [r3 cos(7) — 2 cos(m)]/[2r7r2 sin(m)], (3.84)
bsa = 1/[2r17msin(y)], ( )
bz = —1/[2rirysin(y1)]. (3.86)

In order to complete the discretization procedure, the integral expression
of the Hermite moments are determined in the discretized formulation. The

integrals are replaced by the following quadrature approximation

M N
2
ngl/g)(mp) - N Z Z w‘If(tH/Q)(Cq’ Or, @p) Hipn (. ) g (3.87)

q=1 r=1
It is mentioned that only the higher order moments, F2(t0+ 1), Fo(t; Y and F1(t1+ 1),

are calculated from Eq. (3.87). The velocity itself, Fo(f(;r 1), is obtained by solv-
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ing the moment equation. The solution is carried out by using a successive

over-relaxation solver.

Discrete stability analysis

The discrete stability analysis is employed to study the convergence be-
haviour of both the kinetic and accelerated iterations. The investigation
is based on the Fourier stability analysis. The evolution of some modes in
the iteration schemes is examined. In this way, information can be obtained
about the convergence speed of the methods. Also, the convergence rate
can be examined as a function of the rarefaction parameter. Mathemati-
cally, the analysis results into an eigenvalue problem. The specific modes
are eigenvectors (eigenfunctions) in the iteration procedure, while the eigen-
values describe the convergence rates. In the stability analysis, the spectral
radius, the maximum of the eigenvalues, is defined. That is a main quantity
and describes the overall convergence behaviour of the iteration schemes.

In the analysis, the difference of the distribution function and the macro-
scopic velocity between two subsequent iteration stages is considered. Since
the equations are linear, this is equivalent with the consideration of the
functions f®(c,, 0,,x,) and Fr(,f)n(ch) as perturbations satisfying the discrete
equations with zero source term S(x,) = 0.

The distribution function is considered as a Fourier mode in the discrete

equations
FE (e, 0, 2y) = w(k)! fr(cq, 0, K) exp(ika,), (3.:88)

where fr(cy,0,,k) is the Fourier amplitude and w(k) is the eigenvalue for

the wave-number k. The corresponding macroscopic velocity is written by
Fi(,) = w(k) exp(ika,). (3.89)
Following Eq. (3.89), the macroscopic velocity in the iteration stage t + 1
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can be written by
F (@) = w(k) o (x,) = w(k)' exp(ika,). (3.90)

The goal of the stability analysis is to derive a closed form expression to
the eigenvalues w(k) for both iteration methods. In addition, the spectral

radius as the upper bound for the eigenvalue w(k) according to
o = sup|lw(k)|. (3.91)

is determined. As a consequence, information about the convergence behav-

ior of both schemes is presented.

Eigenvalues of the standard iteration

The analysis starts with the standard iteration method. By substituting
the expression of the distribution function and the macroscopic velocity of
the Fourier mode, Egs. (3.88)-(3.89), into Eq. (3.65) with zero source term
S(x,) = 0, the Fourier mode eigenvector is obtained by

-1

(1— A6, k) +1| (3.92)

Cq

5A(6,)

fF(angT” k) = |:

where for convenience the following function is introduced
6
A0, k) = a;(6,) exp(ikr). (3.93)
j=1

The eigenvalue is determined by substituting Eqs. (3.88), with the Fourier
mode fr given by Eq. (3.92), and (3.93) into Eq. (3.69) and using Eq. (3.90)
such that
N M c -1

{—q (1—-A(b,,k)+1| ¢, (3.94)
where the K index has been introduced to denote the eigenvalue for the

kinetic iteration scheme.
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Eigenvalues of the accelerated iteration

Secondly, the eigenvalues of the accelerated method are investigated. It can
be shown that the Fourier mode eigenvector fr is the same as for the standard
iteration and defined by Egs. (3.92) and (3.93). First, the higher order
Hermite moments are expressed by substituting Eq. (3.88) into Eq. (3.87)
such that

FUHD () = w(k) D, (k) explika,), (3.95)
where
g N M
(I)m,n(k?) = N Z Z waF<Cq7 0, k)Hm,n(an er)cq (396)
r=1 ¢g=1

for m,n = 0,1,2 and m +n = 2. Secondly, the expression of the updated
velocity, Eq. (3.90), and the higher moments, Eqgs. (3.95) and (3.96), are
substituted into the discrete momentum equation, Eq. (3.70). In this way,
after some routine manipulations, the eigenvalues for the synthetic iteration

scheme can be deduced as

ws(k) = —% [Blm)@g,o(k) + B2(k)<1>0,2(k)+2B3(k)<I>1,1(kz)} «

[Bl(kz) + BQ(k)] _1, (3.97)

where for convenience the following function is introduced

By(k) =) _bylexp(ikr;) — 1] (3.98)

J=1

with p = 1,2,3. The S index in Eq. (3.98) denotes the eigenvalue for the

(synthetic) accelerated iteration method.
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Properties of eigenvalues

In previous sections, closed analytical expressions have been derived for the
eigenvalues for both the standard and accelerated iterations. Following the
analysis, some mathematical properties of the eigenvalues are deduced.

It can be shown that the eigenvalues of the discrete equations are always
real. First, the eigenvalue of the standard iteration is considered. In view of

Eq. (3.94), the complex nature of the eigenvalue is encoded in the following

quantity
1—Ab,,k)
kY= —F-""~ )
Having the mathematical properties a;(0,) = a;43(0, —7) and r; = —r;, 3 for
1 =1,2,3, it can be deduced that
Re[A(0,, k)] = Re[A(0, + 7, k)] (3.100)
Im[A(0,, k)] = —Im[A(0, + 7, k)]. (3.101)

By using these equations together with periodicity property of the distance
function, A(6,) = A(6, + 7), one can show that

Re[¢(0,,k)] = Re[¢(0, + 7, k)] (3.102)
Im[£(0,, k)] = —Im[£(0, + 7, k). (3.103)

By substituting Eqgs. (3.102) and (3.103) into the expression of the eigenvalue,
Eq. (3.94), it can be deduced that the eigenvalue is real.
In the case of the accelerated iteration, the eigenvalue is given by Eq.

(3.97). Considering the symmetry of the problem, one can deduced that
Im[B,(k)] =0 (3.104)

for p =1,2,3. On the other hand, the higher order Hermite polynomials are

also periodic with respect to the angle variable

Hynn(cq,0r) = Hpn(cg, 0, + ) (3.105)
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for myn =0,1,2 and m + n = 2. It follows from Eqs. (3.104), (3.105) and
(3.102), (3.103) that the eigenvalue for the accelerated method is real. It is
noted that the eigenvalues are also real in the continuous case. As a result,
this property is valid in both the continuous and discrete cases.

Finally, the continuous limit of the eigenvalues is deduced. This limit can
be reached by letting the resolution infinitely fine. The base of the spatial
resolution is defined by A = r;. In order to obtain the continuous limit of
the eigenvalues, the quantity of £(0,, k), which is responsible for the discrete
effects, is analyzed. Mathematically, the continuous limit can be deduced by
using the Taylor expansion with respect to h in the relevant expressions and
taking the limit A — 0. All spatial vectors in the computational cell have
the same order as rq, i.e. 7; ~ O(h), j = 1,...,6. By using Taylor expansion,

exp(ikr;) is expanded up to O(h?) by
exp(ikr;) = 1 + ikr; + O(h?). (3.106)

As a result, one can obtain that
A6, k) =1+ Z a;(8,)ikr; + O(h?). (3.107)

The continuous limit of £(6,, k) as h — 0 is given such that

6 .
_a:(0,)ikr;
lim (6, k) = lim L= A0 k) 2521 45(0r) L —ike,  (3.108)

o A6, A(6,)

where e = [cos(0,.), sin(#,)] is the unit vector in the direction of the molecular
velocity ¢. Furthermore, the continuous limit requires M, N — oco. By using
Eq. (3.108) in the expressions of the eigenvalues, Eqgs. (3.94) and (3.97), the

continuum limit of the eigenvalues is obtained by

wi(k \/_/ k/5 dc (3.109)
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and

ws(k \/_/ k/é ’CQdc (3.110)

for the standard and accelerated iterations, respectively.

Analysis of convergence rates

In the previous section, the theoretical value of the converge rates for both
the standard and accelerated iterations have been derived. These quanti-
ties provide information about the converge behaviour of the schemes. The
smaller convergence rate provides better convergence, since the change of
the Fourier modes during one iteration is larger in that case; as a conse-
quence, the scheme converges faster to the final solution. In the following,
the theoretical convergence rates are presented as a function of the rarefac-
tion parameter, the wavelength and the discretization parameters, h and
M x N. The spectral radius, the maximum of the convergence rate as a
function of the wave-number, is also studied. The wave-number is pointed
to the direction of x; with Cartesian components (k, 0).

First, the spectral radius is studied because of its importance. The spec-
tral radius for the standard iteration is unity. Table 3.1 shows the spectral
radius for the accelerated scheme as a function of the rarefaction parameter at
different spatial discretizations, h, and fixed velocity discretization 16 x 144.
It can be seen that at all rarefaction parameters, the spectral radius con-
verges to the exact analytical value 0.320. The convergence in terms of the
discretization is faster at low value of the rarefaction parameter. These re-
sults justify that the accelerated scheme has a better convergence behaviour
than that of the standard one.

Figures 3.4-3.6 show the dependence of the convergence rate on the rar-
efaction parameter, h and M x N in the whole spectrum of the wave number.

In Figure 3.4, the eigenvalues are shown for § equal to 1, 10 and 30. The
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Table 3.1: Discrete spectral radius og of the accelerated scheme.

o
h 0.1 1.0 5.0 10.0  50.0
1071 0.318 0.303 0.253 0.212 0.100
1072 0.319 0.318 0.311 0.303 0.253
1073 0.320 0.319 0.319 0.318 0.311
107* 0.320 0.320 0.319 0.319 0.319

resolution of the spatial gird and the molecular velocity space is fixed at
h = 1072 and M x N = 16 x 144. The effect of the rarefaction parameter
on the eigenvalues is clearly observed. As the rarefaction parameter becomes
larger and the system approaches the hydrodynamic limit, the convergence
rate exhibits slower attenuation with increasing wave number. As a conse-
quence, the convergence remains nearly the same as at £k = 0 in the relevant
wave length spectrum. For the standard iteration, the convergence rate is
nearly unity for all wave length and high rarefaction parameter. This is the
reason of the slow convergence of the standard iteration in the hydrodynamic
limit. On the contrary, the convergence rate of the accelerated iteration never
exceeds the limiting value of 0.320. As a consequence, much faster iteration
performance is expected for the accelerated method.

In Figure 3.5, the effect of the spatial discretization is examined. Results
are presented for three different resolutions, a coarse grid (b = 107'), a fine
grid (h = 1073) and for the limiting situation, the continuous case h — 0.
The rarefaction parameter and the resolution of the molecular velocity space
are given by 6 = 10 and M x N = 16 x 144. It can be seen that the large scale
behaviour of the curves is similar at different values of the spatial resolution.
However, it is observed that the curves approach the limiting case — 0 as

the resolution tends to zero. For the fine grid, the difference between the
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Figure 3.4: Eigenvalues w(k) as a function of the wave number k at different
values of the rarefaction parameter §. The resolution is fixed at h = 1073
and M x N = 16 x 144. Symbols 0,a,0 represent the results of the standard
iteration for 6 = 1, 10 and 30, while m,A ;¢ represent the corresponding results

of the accelerated scheme.

eigenvalue and its continuous counterpart is already invisible. This indicates
that the discrete scheme converges to the continuous model as the spatial
resolution becomes smaller.

Finally, Figure 3.6 shows the effects of the resolution of the molecular
velocity space at M x N = 16x 144 and 8 x24. The rarefaction parameter and
the spatial resolution are given by § = 3 and h = 10~3. With respect to the
different discretizations of the molecular velocity space, only small change can
be observed on the eigenvalues. It can been seen that the difference slightly
increases as the wavelength becomes larger. However, it can be concluded
that there is a little effect of the discretization of the molecular velocity space

on the convergence rates.
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0.2

Figure 3.5: Eigenvalues w(k) as a function of the wave number k at different
values of spatial resolution h. The rarefaction parameter and the angular
resolution are fixed at 6 = 10 and N x M = 16 x 144, respectively. Symbols
0,4,0 represent the results of the standard iteration for A = 107!, 10~ and
h — 0 (continuous limit), while m,A ¢ represent the corresponding results of

the accelerated scheme.

Computational performance

In order to study the computational performance of the scheme, pressure
driven gas flow through a long channel with equilateral cross section is stud-
ied. In the simulations, the flow rate G through the cross section is com-
puted. In order to obtain the pressure driven (or Poiseulle) flow, the source
term is chosen by S(x) = —1/2. In the simulations, the following param-
eters are used L = 500500, M = 16 and N = 72 and convergence error
e = |G — G| <1078

Table 3.2 presents the required number of iterations, the computational
time for both standard and accelerated schemes. The flow rate, GG, obtained
from the accelerated scheme is also presented. It is clearly seen that the
accelerated method has a better computational performance. By comparing

the second and third columns, it can be deduced that the required number of
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Figure 3.6: Eigenvalues w(k) as a function of the wave number k at different
values of the angular resolution M x N. The rarefaction parameter and the
spatial resolution are fixed at § = 3 and h = 1073, respectively. Symbols
0,4 represent the results of the standard iteration for M x N = 16 x 144
and 8 x 24, while m, A represent the corresponding results of the accelerated

scheme.

iterations is drastically reduced for the accelerated scheme as the rarefaction
parameter becomes larger. For the standard method, the number of iteration
monotonically increases as the rarefaction parameter becomes larger. On the
contrary, it starts to increase for the accelerated scheme, reaches a maximum
I = 35 and then starts to decrease. It is noted that in the hydrodynamic
limit, the iteration number decreases for the accelerated scheme because the
diffusion equation provides the hydrodynamic description of the flow, so that
the diffusion solver provides rapidly the hydrodynamic solution. In terms
of the required computational time, it can be deduced that the accelerated
scheme requires smaller computational time in the whole range of the rarefac-
tion expect the nearly free molecular limit, where the diffusion solver may
require some computational effort. The flow rate is presented in the 6th and

7th columns. At the present resolution, there are minor differences between
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Table 3.2: Computational performance of the standard (5) and accelerated
(A) schemes.

d  Iterations CPUtime(sec) -G -G
S A S A S A
0.0 2 2 87 90 0.9287 0.9287

0.1 9 9 394 1246 0.8712 0.8712
1.0 25 22 1126 3613 0.8320 0.8321
3.0 62 33 2814 5383 0.9292 0.9305
5.0 111 35 5007 5724 1.0560 1.0595
70 171 35 7719 5728 1.1905 1.1969
10.0 283 35 12441 5719 1.3977 1.4095
30.0 1692 35 75773 5704 2.7996 2.8800

50.0 4154 35 184735 5721 4.1605 4.3709 4.3556
100.0 34 4439 8.1190 8.1076
500.0 31 3901 3.8139(+1) 3.8109(+1)

the two results. At high values of the rarefaction degree, the results are
compared to the slip flow solution. It can be seen that the slip flow solution
is very close to the computed results. Practically, an excellent agreement is
reached at rarefaction parameter 500.

The computational performance in terms of the number of iterations and
computational time as a function of the convergence error € is also inves-
tigated. Figures 3.7 and 3.8 shows the required number of iterations and
the CPU time for both iteration methods versus € at rarefaction parameters
0 = 3 and 50. It can be seen that both the required number of iterations and
the computational time increase with decreasing convergence error. More
importantly, it is observed that the generally fewer iterations are needed for

the accelerated than standard method. However, it is found that the required
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Figure 3.7: Number of iterations versus convergence criterion (€). Symbols
0,4 represent kinetic results for 6 = 3 and 50, while m,A represent the corre-

sponding accelerated results.
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Figure 3.8: CPU time in seconds versus convergence criterion (€). Sym-
bols O,a represent kinetic results for 6 = 3 and 50 while m,A represent the

corresponding accelerated results.
computational time is smaller only in the case of the large rarefaction pa-

rameter. The reason of this behaviour is that CPU time is required also for

solving the moment equation. However, at high rarefaction parameter, the
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accelerated method is clearly superior compared to the standard one. The
required computational time is reduced with an order of two. Practically,
for rarefaction parameters larger than 5, it is advised to use the accelerated

method for a better computation.

3.4.3 Gaseous mixtures

For gas mixtures, the McCormack model equations [45] are solved by an
accelerated discrete velocity method. In this case, the kinetic equations for

the two reduced distribution functions are written by

e 8<I>( 1 fm
ax_"‘ . . aq;(%) 20 )
C o7 + Cay 8 + Yow 2 mana +

2

7 7 7 2 7
Wa [Agg + 2B, Can + 2B oy + £ Cay(Ch + oy — 1)] (3.111)
B=1

and

owl) ou 3 m
ax - ey o a\I/(z) = - — ¥
C o7 + Cay ay + Yaw 1 p— +

2
3 G i 3
W Z [ A(B + BBégmcax + BB((lgycay + 56’ ( 2+ )1 (3.112)
g=1

with a =1, 2.

The quantities of Agﬂ, and C) o3 on the right hand side of these equa-

a,@J
tions are defined by Eqgs. (3.49)-(3.51). The macroscopic quantities, the

velocities, the heat-fluxes and the pressure tensors are obtained by taking
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the appropriate moments of the reduced distribution functions

7,) _ / / az Czydcaxdcay, (3113)
(i) _ 2 5 () —c2
4o = Coz + Cay 2 (I) o ay dcaiﬁdcayv

(3.114)

ng)zz Y / / Caj®Ve™ e de ydee,. (3.115)

The kinetic equations, Eqs. (3.111)-(3.112), are solved in an iterative
manner. In the iteration procedure, the right hand sides of these equations
are calculated at the iteration step . Then, the equations are solved yielding
the distribution functions at the left hand sides at the iteration step t +
1/2. Finally, using the updated value of the distribution functions, the new
macroscopic quantities are calculated at ¢ + 1.

This standard iteration can be accelerated by supplementing the kinetic
equations with two diffusion type equations. These moment equations are
derived from the original equations by taking their Hermite moments. In the

formalism, the following Hermite moments are introduced

1 oo o0
Upn = —/ / Hm(cax)Hn(cay)q)ae"%fcaydcmdcay, (3.116)
s o oo

1 o0 oo
o= [ [ Haca Hulen)
T Joxo -0

) —e2 2
{\Ij i < o+ Cay — 5) %} e deogdeay. (3.117)

It is noticed that the moments U, and @), as special members of the general
expression, are the velocity and the heat flow vectors for component o« = 1, 2,
respectively. In order to obtain the equations of the accelerated method, the
moment system with m 4+ n < 2 is used.

By taking the zeroth and first order Hermitian moments of the kinetic

equations and manipulating the resulting equations, the following diffusion
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equations are obtained

o*USy  0*US, 9
— ®3) () _ @4
o2 + @yg Qwa(yaa + Vaﬁ Vaa)Fa/3+

mp (4) 182[]206 1 82U(‘f‘2 82Uf“1
2wawpgy | —V,3Gap = —= — = -
Wals Me, Vapap 2 0x? 2 0y? 8x6’y+

oy = P (Sa = DX + (Sata — vms) X (3.118)

and
Q8 | 9°Q
(5
Or2 + Oy? + 2w | — (V8 ) + ’/ aa)QOO e ango
5
ZV&?(U&) — Uoﬁo):| + 2(«02(7& - l/c(\f)z) éﬂ) + V(4))Faﬁ+
Ywawsy | LG, = - _ _
oL\ e @ T T2 T 2 a2 Dady
m
Way [~ —[(Va = Sa + VD Xp + (Yalla — Satla + v\505)Xc]. (3.119)

In these equations,

(2)
a VCY «a Me
Fop = ’/Sﬁ)(Uoo - U(ﬁ)) + Tﬁ (Qoo - —ng) ) (3.120)
mg
Vo mps
Gap = V (Uoo Uso) + BN (ng - m—ng) (3.121)

with a, 3 = [1,2] and a # S.

In the accelerated scheme, the iteration procedure works in such a way
that the kinetic equation is solved first to yield the reduced distribution
functions at the stage ¢ + 1/2. By using this information, the higher-order
Hermite moments in the diffusion equations are calculated. Finally, the dif-
fusion equations are solved to provide the velocity Uy, and heat flow vectors
Q6 on the left hand side at stage ¢ 4 1.

The kinetic and diffusion equations are solved by using the finite-difference

method. Both the spatial coordinates and the velocity spaces are discretized.

)



The discretization of the spatial space is carried out on the same triangular
grid as for the BGK equation mentioned earlier. For the triangular cross
section, the number of nodes along the base is set equal to 1000 for § < 1
and to 1400 for 6 > 1, while for the trapezoidal cross section, the number of
nodes along the large base B is set equal to 1500 for all values of 4. The dis-
cretization of the molecular space is carried out in polar coordinate system.
The number of discrete velocities is set to M x N = 16 x 300 for 6 < 1 and
M x N =16 x 72 for 6 > 1. Here, M and N denote the number of mag-
nitudes and polar angles of the discrete velocity vector. The convergence
of the scheme is measured by calculating the absolute difference between
subsequent values of the dimensionless flow rates. The iteration process is

terminated when the absolute difference is less than 1079,

3.5 Kinetic coefficients

Tables 3.3-3.5 show the kinetic coefficients in the whole range of the rarefac-
tion and the concentration for Ne/Ar and He/Xe mixtures for an isosceles
triangular and two isosceles trapezoidal channels with acute angle w = 54.74°.
The mass ratios of these mixtures are given by m;/my = [20.183/39.948,
4.0026/131.30], respectively. In the following, first, the case of the triangular
channel is examined. The App coefficient describes the total flow rate of
the mixture for the pressure driven flow. From the data for App, it can be
seen that the mixture exhibits the Knudsen minimum phenomenon. The flow
rate has a minimum in the transition region. for all concentrations. The A¢cp
coefficient describes the diffusion of the components for the pressure driven
flow. This coefficient increases as the gas becomes more rarefied. As a con-
sequence, the diffusion effects become stronger with increasing rarefaction.
In the hydrodynamic limit, there is no diffusion because of the strong inter-

molecular collisions. The same situation is observed for the Ag¢ coefficient,
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Table 3.3: Kinetic coefficients for the isosceles triangular channel (w =

54.74°).

Ne/Ar He/Xe
J C App Acp Acc App Acp Acc
0 0.0 0.934 0.000 0.000 0.934 0.000 0.000
0.1 0.0 0.878 0.000 0.000 0.878 0.000 0.000
0.5 0.0 0.839 0.000 0.000 0.839 0.000 0.000
1 0.0 0.844 0.000 0.000 0.844 0.000 0.000
5 0.0 0.107(+1) 0.000 0.000 0.107(+1) 0.000 0.000
10 0.0 O 142(+1) 0.000 0.000 0.142(+1)  0.000 0.000
50 0.0 0.438(+1) 0.000 0.000 0.438(+1)  0.000 0.000
100 0.0 0.813(+1) 0.000 0.000 0.813(+1) 0.000 0.000
0 02 0950 0722(-1)  0.204 0.163(11) 0.793 0.100(1 1)
0.1 0.2 0.901 0.660(—1) 0.263 0.153(+1) 0.732 0.922
05 0.2 0.859 0.526(-1)  0.209 0.139(+1)  0.615 0.775
1 0.2 0.860 0.427(-1)  0.173 0.132(+1) 0.528 0.667
5 02 0108(+1) 0.165(-1) 0.735(-1) 0.133(+1) 0.258 0.331
10 0.2 0.143(+1) 0.900(-2) 0.424(-1)  0.160(+1) 0.155 0.202
50 0.2 0.439(+1) 0.188(-2) 0.956(-2)  0.446(+1) 0.364(-1)  0.482(-1)
100 0.2 0813(+1) 0.943(-3) 0.486(-2) 0.819(+1) 0.185(-1)  0.246(-1)
0 05 097 0.165 0975 0225(11) 0.158(11) 0.225(1 1)
0.1 05 0916 0.150 0.865 0.211(+1)  0.147(+1)  0.208(+1)
0.5 05 0871 0.118 0.679 0.190(+1) 0.124(+1) 0.176(+1)
1 05 0871 0.946(-1)  0.554 0.178(+1)  0.107(+1)  0.152(+1)
5 05 0109(+1) 0353(-1) 0.228 0.161(+1) 0.541 0.779
10 05 0.144(+1) 0.191(-1) 0.130 0.181(+1)  0.329 0.480
50 0.5 0.439(+1) 0.399(-2) 0.290(-1) 0458(+1) 0.779(-1)  0.116
100 05 0814(+1) 0201(-2) 0.147(-1) 0.830(+1) 0.397(-1)  0.592(-1)
0 08 0962 0.236 0314(11) 0212001 0.167(11) 0.344(1 1)
0.1 08 0.904 0.213 0.275(+1)  0.199(+1) 0.155(+1) 0.317(+1)
0.5 08 0.861 0.165 0.212(+1) 0.182(+1) 0.132(+1) 0.270(+1)
1 08 0862 0.131 0.171(+1)  0.173(+1) 0.116(+1) 0.236(+1)
5 08 0.109(+1) 0.470(-1) 0.675 0.166(+1)  0.619 0.126( +1)
10 0.8 0.143(+1) 0.253(—1) 0.380 0.188(+1) 0.386 0.787
50 0.8 0439(+1) 0528(-2) 0.839(-1) 0468(+1) 0.935(-1)  0.192
100 08 0814(11) 0.266(-2) 0425(-1) 0.840(+1) 0.479(-1)  0.985(-1)
0 1.0 0.934 0.270 0.934 0.771
0.1 1.0 0.878 0.242 0.878 0.701
0.5 1.0 0.839 0.185 0.839 0.600
1 1.0 0.844 0.145 0.844 0.533
5 1.0 0107(+1)  0.508(-1) 0.107(+1)  0.306
10 1.0 0.142(+1)  0.272(-1) 0.142(+1)  0.199
50 1.0 0.438(+1) 0.570(-2) 0.438(+1)  0.512(-1)
100 1.0 0.813(+1) 0.287(-2) 0.813(+1) 0.265(-1)

which describes the diffusion for the concentration driven flow. It starts to

increase as the rarefaction parameter becomes smaller.
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Table 3.4: Kinetic coefficients for the isosceles trapezoidal channel (w =

54.74% b/h = 0.5).

Ne/Ar He/Xe
J C App Acp Acc App Acp Acc
0 0.0 0.904 0.000 0.000 0.904 0.000 0.000
0.1 0.0 0.852 0.000 0.000 0.852 0.000 0.000
0.5 0.0 0.816 0.000 0.000 0.816 0.000 0.000
1 0.0 0.821 0.000 0.000 0.821 0.000 0.000
5 0.0 0.104(+1) 0.000 0.000 0.104(+1) 0.000 0.000
10 0.0 O 138(+1) 0.000 0.000 0.138(+1)  0.000 0.000
50 0.0 0.427(+1)  0.000 0.000 0.427(+1)  0.000 0.000
100 0.0 0.792(+1) 0.000 0.000 0.792(+1) 0.000 0.000
0 02 0928 0.609(-1) 0.284 0.158(11) 0.768 0.971
0.1 0.2 0.874 0 640(—1) 0.256 0.148(+1) 0.711 0.896
05 02 0.835 0.514(-1)  0.205 0.135(+1)  0.600 0.756
1 0.2 0.837 0.419(-1)  0.170 0.129(+1) 0.517 0.653
5 02 0105(+1) 0.164(-1) 0.733(-1) 0.130(+1) 0.256 0.329
10 02 0139(+1) 0895(-2) 0.423(-1) 0.156(+1) 0.155 0.201
50 0.2 0.428(+1) 0.188(-2) 0.956(-2)  0.435(+1) 0.364(-1)  0.482(-1)
100 0.2 0.793(+1) 0.942(-3) 0.486(-2) 0.799(+1) 0.185(-1)  0.246(-1)
0 05 094 0.160 0.044 0218(11)  0.153(11) 0.218(1 1)
0.1 05 0.889 0.145 0.841 0.205(+1)  0.142(+1)  0.202(+1)
0.5 05 0.847 0.115 0.665 0.185(+1) 0.121(+1) 0.171(+1)
1 05 0847 0.929(-1)  0.545 0.174(+1)  0.105(+1) 0.149(+1)
5 05 0106(+1) 0351(-1) 0.227 0.158(+1) 0.537 0.774
10 05 0.140(+1) 0.190(-1) 0.130 0.176(+1) 0.328 0.479
50 0.5 0.428(+1) 0.399(-2) 0.290(-1) 0.447(+1) 0.778(-1)  0.116
100 05 0.793(+1) 0.200(-2) 0.147(-1)  0.809(+1) 0.397(-1)  0.592(-1)
0 08 0932 0.220 0304(11)  0205(11) 0.162(11) 0.333( 1)
0.1 08 0877 0.207 0.268(+1) 0.193(+1) 0.150(+1) 0.308(+1)
0.5 08 0.837 0.161 0.208(+1) 0.177(+1) 0.120(+1) 0.263(+1)
1 08 0839 0.128 0.168(+1) 0.160(+1) 0.114(+1) 0.232(+1)
5 08 0106(+1) 0.467(-1) 0.673 0.162(+1)  0.615 0.125(+1)
10 0.8 0.139(-+1) 0.252(—1) 0.380 0.184(+1) 0.385 0.785
50 0.8 0.428(+1) 0.528(-2) 0.839(-1) 0456(+1) 0.935(-1)  0.192
100 08 0793(11) 0.265(-2) 0425(-1) 0.819(+1) 0479(-1)  0.985(-1)
0 1.0 0.904 0.262 0.904 0.746
0.1 1.0 0.852 0.235 0.852 0.681
0.5 1.0 0.816 0.181 0.816 0.586
1 1.0 0.821 0.143 0.821 0.522
5 1.0 0.104(+1) 0.505(-1) 0.104(+1)  0.305
10 1.0 0138(+1) 0.271(-1) 0.138(+1)  0.199
50 1.0 0.427(+1)  0.569(-2) 0.427(+1)  0.512(-1)
100 1.0 0.792(+1) 0.287(-2) 0.792(+1)  0.265(-1)

In this framework, the geometrical effects on the kinetic coefficients are

also investigated. The results for the trapezoidal channel with w = 54.74° are
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Table 3.5: Kinetic coefficients for the isosceles trapezoidal channel (w =

54.749, b/h = 3).

Ne/Ar He/Xe
0 C App Acp Acc App Apc Acc
0 0.0 0.965 0.000 0.000 0.965 0.000 0.000
0.1 0.0 0.892 0.000 0.000 0.892 0.000 0.000
0.5 0.0 0.830 0.000 0.000 0.830 0.000 0.000
1 0.0 0.818 0.000 0.000 0.818 0.000 0.000
5 0.0 0.965 0.000 0.000 0.965 0.000 0.000
10 0.0 0.123(+1) 0.000 0.000 0.123(+1)  0.000 0.000
50 0.0 0.354(+1) 0.000 0.000 0.354(+1)  0.000 0.000
100 0.0 0.649(+1) 0.000 0.000 0.649(+1)  0.000 0.000
0 02 0091 0.746(-1)  0.304 0.169(11) 0.819 0.104( 7 1)
0.1 02 0916 0.675(-1)  0.267 0.156(+1)  0.748 0.941
05 0.2 0.850 0.530(-1)  0.208 0.139(+1)  0.617 0.775
1 0.2 0.834 0.427(—1) 0.170 0.130(+1) 0.524 0.659
5 02 0975 0.166(-1) 0.727(-1)  0.122(+1) 0.254 0.325
10 02 0124(+1) 0905(-2) 0.422(-1)  0.140(+1) 0.155 0.200
50 0.2 0.355(+1) 0.188(-2) 0.956(-2)  0.362(+1) 0.364(-1)  0.482(-1)
100 0.2 0.649(+1) 0.944(-3) 0.486(-2)  0.655(+1) 0.185(-1)  0.246(-1)
0 05 0.101(11) 0.170 0101( 1) 0233( 1) 0.164(1 1) 0.233(1 1)
0.1 05 0.932 0.153 0.879 0.216(+1)  0.150(+1)  0.212(+1)
0.5 05 0.863 0.119 0.674 0.190(+1) 0.124(+1) 0.176(+1)
1 05 0845 0.947(-1)  0.544 0.175(+1)  0.107(+1) 0.151(+1)
5 05 0982 0.355(-1)  0.226 0.150(+1) 0.533 0.765
10 05 0.124(+1) 0.192(-1) 0.130 0.161(+1) 0.327 0.476
50 0.5 0.356(+1) 0.399(-2) 0.290(-1) 0.374(+1) 0.778(-1)  0.116
100 05 0.650(+1) 0201(-2) 0.147(-1)  0.665(+1) 0.398(-1)  0.592(-1)
0 08 0.9 0.244 0325(11) 021011 0.173(1 1) 0.356(1 1)
0.1 08 0919 0.217 0.279(+1) 0.203(+1) 0.158(+1) 0.323(+1)
0.5 08 0.852 0.166 0.210(+1) 0.182(+1) 0.132(+1) 0.269(+1)
1 08 0837 0.131 0.168(+1) 0.170(+1) 0.115(+1) 0.233(+1)
5 0.8 0978 0.472(-1)  0.669 0.154(+1)  0.607 0.123(+1)
10 0.8 0.124(+1) 0.254(—1) 0.379 0.168(+1) 0.382 0.780
50 0.8 0.355(+1) 0.528(-2) 0.839(-1) 0.383(+1) 0.935(-1)  0.192
100 08 0.650(11) 0.266(-2) 0425(-1) 0.674(+1) 0.479(-1)  0.985(-1)
0 1.0 0.965 0.279 0.965 0.797
0.1 1.0 0.892 0.246 0.892 0.712
0.5 1.0 0.830 0.185 0.830 0.593
1 1.0 0.818 0.145 0.818 0.519
5 1.0 0.965 0.510(-1) 0.965 0.296
10 1.0 0123(+1) 0.273(-1) 0.123(+1)  0.195
50 1.0 0.354(+1) 0.570(-2) 0.354(+1) 0.512(-1)
100 1.0 0.649(+1) 0.287(-2) 0.649(+1)  0.265(-1)

compared to the ones of rectangular channels [54]. The comparison is based

on the equality of the channel height and the hydrodynamic diameter. The
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Table 3.6: Geometrical effects on the kinetic coefficients, He/Xe mixture
with C' = 0.5. The results are denoted by T and R for trapezoidal and
rectangular channels, respectively.

h/w 6h App ACP ACC
T R T R T R

1 0  0.219(+1) 0.203(+1) 0.154(+1) 0.142(+1) 0.219(+1) 0.202(+1)
1 1 0.174(+1)  0.165(+1) 0.105(+1) 0.101(+1) 0.149(+1)  0.143(+1)
1 10 0.177(+1) 0.170(+1) 0.329 0.327 0.479 0.477

05 0  0.224(+1) 0209(+1) 0.157(+1) 0.147(+1) 0.224(+1) 0.209(+1)
05 1  0.169(+1) 0.162(+1) 0.975 0.943 0.138(+1)  0.134(+1)
0.5 10 0.185(+1) 0.180(+1) 0.260 0.259 0.380 0.379

0.1 0 0278(+1) 0.264(+1) 0.196(+1) 0.186(+1) 0.278(+1) 0.264(+1)
01 1 0.160(+1) 0.159(+1) 0.879 0.873 0.124(+1)  0.123(+1)
01 10 0.172(+1) 0.172(+1) 0.198 0.198 0.290 0.291

trapezoidal and rectangular channels have the same height and hydrodynamic
diameter. The overall problem is characterized by the height to width ratio
of the rectangular channel, h/w, and the rarefaction parameter ¢, on the
basis of the height. In order to compare the two results, the rarefaction
parameter in the present formalism is converted to the one of the rectangular
channel. The kinetic coefficient for the rectangular channel is converted to
our formalism. Table 3.6 shows the kinetic coefficients for the simulation case
He/Xe with the concentration C' = 0.5. It can be seen that as the height
to width ratio decreases the results of the two types of channel tend to each
other. This demonstrates that as the height to width ratio becomes smaller
the two channels provides the same result. In the limiting case, the two cross
section becomes identical with each other.

In addition to the geometrical effects, the hydrodynamic limit of the re-
sults is also studied. For a single gas, the Poisuille number is calculated and
compared to the results of the slip flow solution [49]. The Poiseuille number
is the Fanning friction factor times the Reynolds number. In the present

calculation, the Poiseuille number is given by Po = §/App and the App is
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Table 3.7: The Poiseuille number for triangular and trapezoid channels as a
function of Kn, for a single gas (C' = 0). The symbols K and S stand for
the kinetic and slip solutions, respectively.

Kn, Po

b/h = b/h =0.5 b/h =

K S K S K S
0.100  0.710(+1)  0.748(+1) 0.729(+1) 0.767(+1) 0.784(+1)  0.828(+1)
0.075 0.809(+1) 0.838(+1) 0.830(+1) 0.860(+1) 0.902(+1) 0.937(+1)
0.050 0.936(+1) 0.954(+1) 0.961(+1) 0.979(+1) 0.106(+2) 0.108(+2)
0.025 0.110(+2) 0.111(+2) 0.113(+2) 0.114(+2) 0.127(+2) 0.127(+2)
0.010  0.123(+2) 0.123(+2) 0.126(+2) 0.126(+2) 0.143(+2)  0.143(+2)

evaluated for the single gas case C' = 0 (or C' = 1). The rarefaction degree
is described by a modified Knudsen number, Kn,. This definition includes
the effect of the first order slip coefficient. It is related to the rarefaction
parameter such that Kn, = a4/d, where oy, = 1.018 is the slip coefficient
of the S kinetic model. It is mentioned that the McCormack model reduces
to the S kinetic model for a single gas. Table 3.7 presents the kinetic and
slip results for three types of channel with w = 54.74°, a triangular and two
trapezoidal ones, as a function of the Kn,. It can be seen that the kinetic
results converge to the slip solution with decreasing Kn,. This demonstrates

that the present results recover the slip solution as a limiting case.

3.6 Flow rates

3.6.1 General expressions

In practical applications, the flow rate through the microsystem is an im-
portant quantity. Basically, the flow rate can be defined as mass or molar
flow rate. For single component gases, the two quantities in dimensionless

form are the same because the mass of the gas is proportional to its molar
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amount. However, for gaseous mixtures the two quantities are different since
the flow is usually affected by diffusion effects, and the concentration is a
varying quantity. Both quantities can be determined by using the present
methodologies.

In this section, the mass flow rate is deduced for the gaseous mixture.
When a gaseous mixture flows through a microchannel, the components have
usually different average velocities at the cross section because of the gas dif-
fusion. Usually, the lighter particle has larger average speed; as a result, the
gas tends to separate. Even if the concentration of the gas is the same at the
two ends of the channel, it may vary significantly along its axis. The flow of
the mixture through the channel is a complex phenomenon, and the separa-
tion effect should be taken into account. However, if the gaseous diffusion
is negligible, an approximation of the mass flow rate can be developed. The
discussion on the flow rate starts with the development of approximated for-
mulas by neglecting the separation effect. This consideration may be useful
in engineering applications.

To begin with, the mass flow rate of the gas through the channel is con-

sidered as
M = // (nimyul 4+ namaud)dx'dy’. (3.122)

This quantity is constant along the channel at every cross section because of
the particle and mass conservation. The mass flow rate can be rewritten by

using the two thermodynamic fluxes Jp and Jo introduced earlier such that
M = —mJp + (my —my)(1 - C)Je. (3.123)

The thermodynamic fluxes can be connected to the local pressure and con-
centration gradients via the kinetic coefficients. It is emphasized that the
kinetic coefficients and the gradients of the pressure and the concentration

are local quantities. The kinetic coefficients depend on the local rarefaction

82



parameter and the concentration. Now, the discussion is divided into two

parts, whether pressure or concentration driven flow is considered.

3.6.2 Pressure driven flow

For the pressure driven flow, the gaseous diffusion is neglected in the present
approximated formalism. As a consequence, the concentration gradient is
taken to be zero. In addition, the mass flow rate is written as a function of
the global pressure gradient. By neglecting the concentration gradient, the

local mass flow rate can be written as

A'dP
— —_— 124
1 c>APC] 2 (3.124)

. mg —m

M = [—App + #(
m

By using the global pressure difference with the assumption that the pressures

in the upstream and downstream reservoirs are P4 and Pg, the mass flow

rate can be reformulated as

1-0) ;C] AP Pap, )

y Mg — MMy
M = |—A; _—
[ ppt
where App and Aj - are the average kinetic coefficients.
By equalizing Eqs. (3.124) and (3.125), an expression for the average

kinetic coefficients can be obtained such that

dpP Dy,
App—— = Appdz— 12
PPPB_PA pPPAETT (3.126)
dpP Dy,
Apo—— = Nppdz—. 3.127

The average kinetic coefficients can be deduced by using the relation dP/(Pg—
Py) =do/(dp — da), these equations are integrated to yield

1 OB
Nop = / Appds, (3.128)
o — 04 Js,
1 OB
I / Apcds. (3.129)
o — 04 Js,
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If the kinetic coefficients are known for the considered rarefaction interval
and concentration value, the average kinetic coefficients can be deduced and
the mass flow rate can be calculated from Eq. (3.125). It is noted that the
average kinetic coefficients have been used earlier for single gases [75]. Now,
it is used with the assumption that the concentration is constant.

It is interesting to elaborate on the single gas limit of the pressure driven
gas case. In this situation, the gas has only one component which can be
obtained by either the condition C' =1 or C' = 0. Both choices provide the
same result. By using the concentration C' =1 in Eq. (3.125), the mass flow

rate is obtained by

- A" Pg — Py
M= —-App————D 1
PP T hs (3.130)
where A} p is given by
1 o
Npp = ——— / Appds. (3.131)
o — 04 Js,

It can be seen that the flow rate is proportional with the average kinetic co-
efficient and some other factors related to the dimension of the channel. This
means that the dependence of the mass flow rate on the flow parameters is
rather complex. The flow rate in dimensionless units, i.e. the average kinetic
coefficient, is determined by the inlet and outlet rarefaction parameters. If
these later quantities are fixed, the dimensional flow rate is proportional to
the area of the cross section and the hydrodynamic diameter. In actual calcu-
lations, the inlet and outlet rarefaction parameters together with the average
kinetic coefficient must be determined first, then the flow rate is obtained by

the multiplication of the factors given in Eq. (3.130).

3.6.3 Concentration driven flow

In the case of the concentration driven flow, the movement of the gas is

caused by the concentration gradient between the two ends of the channel
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by assuming the same pressure everywhere along the channel. As a result,
the pressure gradient is taken to be zero in this situation.
By assuming zero pressure gradient, the local mass flow rate can be writ-

ten by

L1 - C)Acc} nm(C)A(C) & (3.132)

7= |— me =M nm\b)avi) a
M= [ Aer + =010 20 dr

This equation can be reformulated by using the global concentration differ-
ence. Assuming that the concentrations in the upstream and downstream

reservoirs are C'y and Cpg, the mass flow rate can be written by

. | nmAlv, Cpp — C
(1-0C,) CC] 3G ”L 'Dn. (3.133)

mo — My

M= {— &p +
a
Here, L{.p and L{, are the average kinetic coefficients. It is noted that for the
concentration driven flow a reference concentration C, and the corresponding
reference mass m, and reference molecular velocity v, must be introduced.
These quantities are needed because the concentration is a varying quantity
along the axis of the channel. In the present work, the reference concentration
and a reference molecular velocity is introduced as C, = (C4 + Cp)/2 and
v, = (va +vp)/2.
By equalizing Eqs. (3.132) and (3.133), it can be deduced that

dc  C, mv D,
A —a — AL dz 2 3.134
daC¢ C,1-C v D;,
A — — = dz—. 3.135
e, —C,C1—C, v, cc®Tp (3.135)

By using the same scenario as for the pressure driven flow, integrating these

equations, the average kinetic coefficients are obtained by

1 CirCome
p = —————— i Acpd 1
©r CII - CI /CI C MqUq or 07 (3 36)
1 ] C O,
p— —2_A ) 1
T e, /CI 1-C.C o ccdC (3.137)
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If the kinetic coefficients are known, the average kinetic coefficients can be
calculated and the mass flow rate can be deduced from (3.133) as in the case

of the pressure driven flow.

3.6.4 Separation effect

In the previous sections, the flow rates have been deduced by neglecting the
separation phenomenon. The obtained expressions are only approximations.
In this section, a general formalism is developed in order to properly calculate
the flow rate through the channel. In addition, both pressure and concen-
tration distributions are deduced. It is noted that the flow rate has earlier
been calculated by including the gas separation by applying a different treat-
ment using the gas densities as primitive variables [72], [32]. However, in
the present work, the problem is formulated in terms of the pressure and the
concentration instead of the densities. The present formulation is considered
more straightforward because it is based on directly measurable quantities.

To begin with, the mass flow rate of the components is introduced

M, = ny,my, // ul dy'dz’. (3.138)

It is noted that these quantities are constant along the axis of the channel
at every cross section. This happens due to the mass conservation, which is
hold for each specie of the gaseous mixture. The goal of the formulation is to
express the component mass flow rates as a function of the local pressure and
concentration gradients. For this purpose, the mass flow rates are converted
into the terms of the thermodynamic fluxes. Straightforward calculation

shows that the component flow rates can be expresses as

M, = —my (CJp+ (1 =C)JL), (3.139)
My = —my(1 — C)(Jp — J5). (3.140)
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In the following, the dimensionless mass flow rates are introduced by

2L .
Ja = _Ma- 3.141
manAA’vADh ( )

The normalization refers to the upstream reservoirs. The quantities, n,v4,
denote the number density and the characteristic velocity in the upstream

reservoir. By using the balance equations for the thermodynamic fluxes,

Jp, Jo, the dimensionless mass flow rates are obtained by

nuvlL
= _nAUADh x
[(CAPP + (1 — C)Aop) Xp+ (CAPC + (1 — C)Acc) Xc] , (3142)
nvlL
Jy=———-(1-C)[(App — Acp) Xp + (Apc — Acc) Xc]. (3.143)
navaDy,

These equations can be more simplified by using the expression of the pres-
sure and concentration gradients, the ideal gas law and the definition of the

characteristic velocity such that

{(CAPP +(1= O)or) Gz 5+ (Chre+ (1= C)cc) 5 %1 |
(3.144)
o {(APP o) G (e = o) %} | (3.145)

Here, the dimensionless coordinate along the axis of the channel 2 = 2//L
has been introduced. Obviously, 2 takes the value of 0 < z2 < 1.

Egs. (3.144) and (3.145) are the basic differential equations for the mass
flow rates, including the separation phenomenon. The mass flow rates on

the left hand sides are constant along the channel. These equations are
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supplemented with the boundary conditions at the walls

P(0) = P4, P(1) = Pp, (3.146)
C(0) =Cu, CO(1) = Cp. (3.147)

In order to obtain the flow rates and the pressure and concentration distri-
butions, the above equations are solved numerically. The solution is carried
out by using the finite difference method. The dimensionless coordinate along
the channel axis is discretized. The spatial spacing Az = 1/500 has been
applied in all cases. The standard Euler method is used to integrate Eqgs.
(3.144) and (3.145). The solution procedure starts at the inlet of the channel
with the initial values of P4 and Cj4 dictated by the boundary condition.
Assuming the mass flow rates J,, the equations are integrated to yield the
pressure and concentration distributions. The values of the pressure and con-
centration distributions at the outlet of the channel are used to check against
the outlet boundary conditions. If the boundary conditions are not satisfied,
then the integrations are repeated with an updated value of J,. The iteration
is terminated when an absolute convergence criterion of 10~° is satisfed for
the downstream values of P(1) and C(1). Practically, a doubled bisection
root finding method is used to determined the proper values of the mass flow
rates together the pressure and the concentration distributions [90].

In the following, a test case of binary gas flow is investigated. The mass
flow rates and the pressure and concentration distributions are determined.
The flow of He/Xe mixture through a channel is investigated. The channel
has triangular cross section with the acute angle of 54.74°. The kinetic
coefficients App, Apc, Acc obtained earlier for this flow configuration are
used in the study.

The investigated case refers to pressure ratio Il = P,/Pp = 3 and 6 and
for inlet rarefaction parameter 64 = 1 and 10. The concentrations are se-
lected as C'y = Cg = 0.5 and C'y = Cg = 0.8. It is noted that the pressure

ratio and the inlet rarefaction parameter ultimately determines the outlet
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0.6

0.3

z’/L

Figure 3.9: Concentration distribution along the isosceles triangular channel
for the He/Xe mixture with C; = Cj; = 0.5. Symbols o,0 represent the
results for 0; = 1 and 10, respectively, with pressure ratio Il = 3, while m,e

represent the corresponding results with pressure ratio II = 6.

0.9

0.6

z'/lL

Figure 3.10: Concentration distribution along the isosceles triangular channel
for the He/Xe mixture with C; = Cj; = 0.8. Symbols 0,0 represent the
results for 0; = 1 and 10, respectively, with pressure ratio Il = 3, while m,e

represent the corresponding results with pressure ratio I =6 .

rarefaction parameter. The above values of the pressure ratio, the rarefac-

tion parameter and the concentrations are typical values for an experiment
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1.2

PIP,

z’/L

Figure 3.11: Pressure distribution along the isosceles triangular channel for
the He/Xe mixture with C; = Crr = 0.5. Symbols o,0 represent the results
for 0; = 1 and 10, respectively, with pressure ratio II = 3, while m,® represent

the corresponding results with pressure ratio I = 6.

1.2

PIP,

z'/lL

Figure 3.12: Pressure distribution along the isosceles triangular channel for
the He/Xe mixture with C; = Crr = 0.8. Symbols 0,0 represent the results
for 6; = 1 and 10, respectively, with pressure ratio Il = 3, while m,® represent

the corresponding results with pressure ratio II = 6.

with microchannels. Figures 3.9 and 3.10 show the concentration distribu-

tion along the channel for the cases C4 = Cg = 0.5 and C4y = Cg = 0.8,
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Table 3.8: Normalized fluxes and mass flow rates with and without separation
effects (He/Xe, C; = Cr; = 0.5).

o 6 J J J; J; iy Ji; A(%)

5 01 0.147(+1) 0.263 0.147(+1) 0.263 0597 0597 0.0
1 0.124(+1) 0271 0.125(+1) 0.270 0599 0597 0.3
5 0.905 0.370 0.961 0.357 0772 0750 28
10 0.801 0.485 0.883 0.460 0989 0944 45
30 0.966 0.876 0.104(+1) 0.835 0.176(+1) 0.168(+1) 4.4

10 0.1 0.166(+1) 0.296 0.166(+1) 0.296 0673 0673 0.0
1 0.141(+1) 0.304 0.142(+1) 0.302 0.673  0.671 0.4
5 0.103(+1) 0.411 0.111(+1) 0.391 0.857  0.826 3.7
10 0.891 0.535 0.102(+1) 0.497 0.109(+1) 0.103(+1) 6.0
30 0.104(+1) 0.942 0.115(+1) 0.886 0.189(+1) 0.179(-+1) 5.4

respectively. It is clearly seen in the figures that the concentrations are not
constant along the channel. The concentrations start to decrease after the
inlet, takes its minimum near the outlet and finally reaches the outlet value.
The smaller value of the concentration in the channel indicates the separation
phenomenon in the microchannel. The light species propagates faster than
the heavier one, which results into the concentration drop in the channel.
The non-uniformity of the concentration is stronger if the pressure ratio is
larger. It is also found that the separation phenomenon is the strongest in
the transition region. This is explained by the fact that in the hydrodynamic
region the diffusion is negligible. On the other hand, in the free molecular
domain there are fewer collisions between the molecules, so that the compo-
nents of the gas become independent. This indicates that even if the flow
speed of the components is different, the concentration is constant along the
channel. The corresponding pressure distributions are shown in Figures 3.11
and 3.12. It can be seen that the pressure distributions are non-linear, and
the non-linearity increases in the hydrodynamic domain. In the free molec-
ular limit, the distributions are rather linear. A similar behavior is observed

for single component gases as well.
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Table 3.9: Normalized fluxes and mass flow rates with and without separation
effects (He/Xe, C; = Cr; = 0.8).

o 6 J J J; J; iy Ji; A(%)

5 01 0156(11) 0.708(-1) 0.156(+1) 0.708(-1) 0.528  0.528 0.0
1 0136(+1) 0.833(-1) 0.137(+1) 0.821(-1) 0.556  0.552 0.7
5 0.113(+1) 0.144 0.120(+1) 0.131 0794 0747 58
10 0.112(+1) 0.200 0.120(+1) 0.180 0.105(+1) 0.965 7.6
30 0.154(+1) 0.362 0.160(+1)  0.340 0.182(+1) 0.173(+1) 4.9

10 0.1 0176(+1) 0.797(-1) 0.176(+1) 0.797(-1) 0594 0594 0.0
1 0154(+1) 0929(-1) 0.156(+1) 0.911(-1) 0.623  0.618 0.9
5 0.127(+1) 0.160 0.137(+1) 0.142 0885  0.818 7.6
10 0.124(+1) 0.222 0.136(+1) 0.193 0.116(+1) 0.104(+1) 9.8
30 0.166(+1) 0.390 0.175(+1)  0.360 0.196(+1) 0.184(+1) 6.2

Finally, Tables 3.8 and 3.9 present the flow rates with and without the
inclusion of the separation as determined from the calculation for C; = C =
0.5 and C; = C; = 0.8, respectively. The pressure ratio and the rarefaction
parameter are selected as II = 5 and 10 and §; = 0.1, 1, 5, 10 and 30. It
is observed that for 6; = 0.1 and 1, the differences between Jy; and Jj, are
negligible. In this cases, the separation effects are not so important and may
be ignored. However, for 6; = 10, 5 and 30, there are some discrepancies. It
is seen that in the case of the large pressure ratio the relative error defined
as A = (Jy — Jy)/Ju varies between 3.7 — 7.6% for 6; = 5, 6.0 — 9.8% for
0r = 10 and 5.4 — 6.2% for 6; = 30.
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Chapter 4

Simulation of binary gas flows
through microchannels of finite

length

4.1 Introduction

The flow in short channels basically differs from the case of long channels. In
this situation, the length of the channel compared to its diameter is relatively
small. The usual length to hydrodynamic diameter ratio is in the range of
0 — 10. Because of the shorter length, the velocities of the gas components
are generally larger for finite pressure drops between the inlet and the outlet
of the channel. The gas velocity can be as high as the molecular velocity
of the components. The velocity can even become larger than this value in
specific situations. Under these conditions, the gas is far out of absolute
equilibrium and the flow is non-linear. In order to simulate rarefied gas flows
under these conditions, the full non-linear Boltzmann equation needs to be
solved. The solution of the problem can be obtained by the DSMC method
[8]. On the other hand, the inlet and outlet effects can not be neglected
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for short channels. As a consequence, the total geometrical configuration
involving the channel and the upstream and downstream reservoirs have to
be considered in the numerical simulations.

In the present investigation, the flow through short tubes [92], [94] includ-
ing the orifice, which is a short tube with zero length, and slits is examined.
The case of tubes has cylindrical symmetry. The cylindrical configuration of
flows through short tubes can be projected into the two dimensional sheet
spanned by the channel axis and the radial coordinate. The flow through a
slit is also a two-dimensional configuration. In this situation, the relevant
coordinate directions refer to the center line of the slit and the transverse

coordinate along its height.

4.2 Flow configuration

4.2.1 Flow through short tubes

The flow of gaseous mixtures through short tubes having radius R and length
L is simulated. The channel axis lies in the &’ direction while the radial
coordinate is denoted by r’. The characteristic length of the problem is chosen
as the radius of the tube. The channel is located between upstream (A)
and downstream (B) cylindrical containers having radii R4, Rp and length
Ly, Lp.

The mixture consists of two components o = 1, 2 having molecular masses
me and molecular diameters d,. It is always assumed that the first species is
the lighter component. The number densities of the components are denoted
by n,. The total number density of the mixture is given by n = nq + ns.
The mixture composition is characterized by the concentration of the first

component

=" (4.1)



The concentration is a local quantity and generally varies in the geometry
of the flow. The concentration in the upstream reservoir C'4 is used as a
reference value, while C'g is the concentration in the downstream reservoir.
The concentrations in the two reservoirs are taken to be equal Cy = Cp.
The pressure of the gas is denoted by P. The pressures in the upstream and
downstream reservoirs are P4 and Pg, respectively. The flow is driven by
the pressure difference between the two containers, and it is assumed that
P, > Ppg; as a result, the gas flows from container A towards container B.
The temperature is denoted by 7" and its values in the two reservoirs 7'y and
Tp are taken to be equal to a reference temperature Ty as Ty = T = Tp.

The gas rarefaction is characterized by the rarefaction parameter

PR
5= T (4.2)

Here, 1(C') denotes the mixture viscosity and v(C') is the characteristic molec-

| 2KT
v(C) = W’ (4.3)

where k is the Boltzmann constant and m(C) = Cmy + (1 — C)my is the av-

ular velocity defined by

erage mass of the mixture. The rarefaction parameter is also a local quantity

in the geometrical configuration. Its value in the upstream reservoir

B PsR
— 110(Ca)vo(Ca)

is introduced as a reference quantity to characterize the flow problem. In this

Sa (4.4)

formulation, the reference characteristic velocity vo(Csa) = /2kTo/m(C}y)
and the viscosity 10(C4) are introduced on the basis of the reference upstream
concentration C'4 and temperature Tp.

The main macroscopic quantities of the problem are the species densities

N, velocities w!, and the temperature 7. Another important quantity of the
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flow problem is the component flow rates through the tube J! defined as

J(’x:/ Natn dA’ (4.5)

where u,, is the axial component of the macroscopic gas velocity of species
« and the integration refers to the inlet cross section A’ = R?r. For later
purposes, the dimensionless flow rates are introduced by
Ja

o= —t s,
nAA/’lJ()(CA)

(4.6)

where n4 is the total number density in the upstream reservoir. The total

flow rate of the mixture is obtained by J = J; + Js.

4.2.2 Flow through slits

The flow of gaseous mixtures is considered through a slit having height H
between upstream (A) and downstream (B) rectangular reservoirs, which
have lengths L4, Lg and heights 2H 4, 2H g, respectively. The height of the
channel H is chosen as the characteristic length of the problem. The normal
vector of the slit lies in the 2’ direction, while the tangential one in the 3’
direction. The center of the slit is in the origin of the coordinate system.
The characterization of the mixture and the flow is similar to that of
the short tube problem. The concentration of the mixture is defined by Eq.
(4.1), while its value C4 in container A is used as a reference quantity. The
definition of the rarefaction parameter is based on the channel height such

that
0= ————. (4.7)

In the same manner, its value 64 in the upstream reservoir is used to char-

acterize the problem.
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The flow rates of the species are defined by

H/2
J - / ., Nt dy, (4.8)
—H/2

where the integration refers to the transverse coordinate 3’ along the slit.

The dimensionless flow rates are introduced according to

J/
Jy=—"772——. 4.9
naHuvy(Cy) (4.9)

4.3 The DSMC algorithm for binary gas flows

4.3.1 General considerations

The direct simulation Monte-Carlo method is a particle based approach to
simulate the dynamics of gases [8]. It is more suitable in the rarefied region,
where there are relatively fewer collisions between the molecules and the
Mach-number is higher, which indicates larger signal to noise ratio. The
DSMC is a gas model, where the individual motion of model particles is
simulated in the real geometry and the relevant macroscopic quantities are
obtained as averages of the microscopic motion. It was revealed that the
DSMC provides the solution of the Boltzmann equation in the limit of dense
resolution of the spatial and temporal scales and by using infinite model
particles [102].

In the approach, model particles mimic the motion of the real molecules.
undergoing streaming and collision. The geometry of the configuration is
divided into a collection of cells. In order to simulate the gas dynamics, the
time-splitting approach is applied in the Boltzmann equation. The contin-
uous time evolution is replaced by a discrete time-marching scheme with a
finite time step. Here, the No Time Counter scheme, which assumes con-
stant time step, is adopted [8]. The dynamics is divided into moving and

collision steps. In the moving part, the particles move along free trajectories
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corresponding to their speeds. Upon colliding with the boundaries of the do-
main, they may undergo specific boundary treatments. In the collision step,
the collisions between the molecules are modeled in a probabilistic manner.
Only binary collisions are considered as in the Boltzmann equation. Some
molecule pairs are selected in each cell for collision with given distribution
regarding molecular types and velocities, and the pairs collide as defined by
the molecular interaction. In the present work, the hard-sphere (HS) [8], the
variable hard-sphere (VHS) [8] and the variable soft-sphere (VSS) [37] mod-
els are considered to describe the interaction. The difference between these
models is that they produce different transport coefficients of the gas. For
nearly isothermal binary gases, the viscosity and the diffusion are the two
primary coefficients. The ratio of these two quantities, the Schmidt number,
is fixed for the HS model, while it is variable in the VSS model. The post-
collisional velocities of the molecules are calculated in accordance with the
interaction law. It is noted that this calculation also contains probabilistic
elements. The impact parameter of the two colliding particles is selected in
a probabilistic manner. Finally, a sampling stage is applied in each time step
in order to calculate the macroscopic quantities. In each cell, these macro-
scopic quantities of the gas are deduced as the averages of the corresponding
quantities of the particles residing in the cell. To summarize, in the actual

algorithm, the following steps are applied repeatedly

e Moving
e Boundary conditions
e (Collision

e Sampling

The detailed description of the computational domain for the investigated
flow configurations and the elements of the algorithm is provided in the

forthcoming sections.
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4.3.2 Computational domain and grid

In the DSMC, the geometry consisting of the short channel and the connect-
ing reservoirs is considered as the computational domain. In all cases, three-
level grid-size distribution is used, which provides finer resolution around the
channel, where a stronger change of the macroscopic quantities of the gas is
expected. In addition, weighting zones are adopted to increase the efficiency
of the DSMC. In these zones, the particles have different weights. Regions
with smaller weights represent the same particle density with larger model
particle density. As a consequence, the statistical scattering may be reduced
by multiplying the model particles in the different zones if it is necessary.
In the following, the computational grid and the zones are discussed in all

situations.

Short tube

Since the short tube problem is axial symmetric, the simulation refers to the
2',r" two-dimensional coordinate sheet. The computational geometry with
the cell distribution is show in Figure 4.1. There are rectangular cells in the
x', 1" sheet. The second-level grid is applied in the zone —R < 2’ < R+ L
and 0.5R < ¢y’ < 2R outside the tube or 0.5R < 3y’ < R inside the tube.
The third-level grid is utilized in the region —0.25R < 2’ < 0.25R + L
and 0.75R < vy’ < 1.25R outside the tube or 0.75R < ¢y’ < R inside the
tube. In addition to the grid refinement, weighting zones are introduced.
This technique is applied for the downstream reservoir, where there could
be smaller amount of particles than in the upstream one due to the large
pressure drop. On the other hand, radial weighting zones are applied in the
whole configuration. By the aid of this solution, the model particle density
is increased near the axis in order to balance the density reduction caused
by the cylindrical projection. The boundaries of the axial and radial zones
are at 2/ =0 and ¢ = [0.25R,0.5R,0.75R, R, 2R, 3R)].
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Figure 4.1: The computational domain (left) and the weighting zones (right)
for the short tube problem. Thick lines denote the physical walls.

Slit

The simulation of the motion of the particles is considered in the 2/, 1’ co-
ordinate sheet. This computational domain is similar to the short tube case
by exchanging the radial coordinate v’ with 3/. The geometry is presented in
Figure 4.2 for completeness purposes. As it can be seen, the computational
domain refers to the half of the entire domain in the direction of y’ because of
the mirror-symmetry regarding the i/ = 0 coordinate plate. The delimiters
of the grids with different levels are exactly the same as for the short tube
problem with the exchange of R < H/2 and setting L = 0. Weighing zone
is also applied at 2’ = 0, where the downstream reservoir having the gas at

a smaller pressure connects to the slit.

4.3.3 Moving

In the moving step of the algorithm, the particles move along free trajectories
without collisions. Without external forces the velocity of the molecules,

v!,. for the k-th molecule from component «, are kept constant, while their
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Figure 4.2: The computational domain (left) and the weighting zones (right)
for the slit flow problem. Thick lines denote the physical walls.

coordinates r., are updated according to
rhe(t+ At) =7l () + v, (6 AL (4.10)

in each time step At.

4.3.4 Boundary conditions

In the computational domain, there are three types of boundaries: physical
walls, where the particles collide with a real solid surface, open walls at the
external side of the containers, where molecules leave and enter the domain
freely, and symmetry boundaries, where the domain is delimited because of
the mirror symmetry of flow configuration. Each of these boundary condi-
tions is described in the following.

At the solid walls, the diffuse reflection boundary condition is applied.
For silicon materials, this boundary condition is sufficient because the ac-
commodation coefficient is nearly unity for this type of matter [87]. When
colliding with the wall, the particle is immediately emitted in accordance
with the Maxwell equilibrium distribution with temperature 7. These solid

walls in Figures 4.1 and 4.2 are presented with thick lines.
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On the open surfaces of the reservoirs, the particles leave the domain
freely and new particles are generated with the equilibrium distribution for
the corresponding gas pressure, concentration and temperature 7. The num-
ber of particles entering through the unit surface of the domain during time
step At for components a = [1,2] in the reservoirs i = [A, B] can be deter-

mined from the equilibrium conditions such that

P, m(Ca) vo(Ca)

N9 = p,=LC At 4.11
Ent1 = 1A p, A my 27 (4.11)

- P, m(Ca) vo(Ca)
N(l) = —(1-C — AL 4.12
Ent,2 na PA( A) Mo 2\/7_1_ ( )

On symmetry boundaries due to the mirror symmetry, the specular re-
flection (or symmetric) boundary condition is used. This boundary condition

is applied at the bottom surface at y’ = 0 for the slit flow problem.

4.3.5 Collision modeling

In the collision step, the intermolecular collisions between the molecules are
simulated in each cell. Molecule pairs are chosen in a probabilistic manner.
In accordance with the Boltzmann equation, the probability of the colli-
sion between two molecules is proportional to the scattering cross section
and the absolute relative velocity of the molecules. The distribution can
be reproduced by pre-selecting some particles for collisions and applying an
acceptance rejection method for the final distribution.

For gaseous mixtures, the selection of the particles for collision depends on
the types of the particles. The selection is group dependent, where there are
three collisional groups for collisions between molecules with type 1—1, 1 —2
and 2 — 2. In the first group, the particle from the first component collides
with the particle from the first one. In the second group, the particle from

the first component collides with the particle from the second one. Finally,
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in the third group, the particle from the second component collides with the
particle from the second one.

In the present work, the No-Time-Counter scheme [8] is applied for the
selection of the particles for collision. Accordingly, first, some particles are
preselected for collision. Their number for component o and 3 during time

step At in the cell is given by

1 —
Nag = _NaNﬁ<O'T,a,BUR,aﬂ)maxAt, (413)
2Ve

where V¢ is the volume of the cell, N, is the total number of particles from
component « in the cell, Ng is the average number of particles for compo-
nent 3 in the cell in the previous time steps, o744 is the total collision cross
section and vg s is the relative velocity between the molecules. From this
preliminary selection, the collision is finally selected by using an acceptance-
rejection method which reproduces the true distribution of the colliding par-
ticles. The detailed formulation of the collision treatment will be outlined in
the forthcoming sections.

At this point, it is mentioned that it may also be possible to select the
particles for collision independently of their types. In this case, the selection
is group independent, and the correct distribution of the colliding particles
with respect to their types is obtained in a probabilistic manner. Although
the group dependent and independent selection mechanisms are identical by
taking the continuous limit with very large number of particles, in the present
work, the group dependent collision algorithm is used because, in that case,
the collision rate for the species is free from statistical scattering and exactly

reproduced.

Hard-sphere model

In the hard-sphere interaction model, the particles are assumed to be spheres
with diameters d, for component . The collisions are elastic and the me-

chanics of the collision follow the collision of two mechanically rigid spheres.
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Generally, the collision cross section is determined from the diameters of
the molecules. However, these quantities should be expressed by the relevant
spatial scale of the problem through the rarefaction parameter.

In the present situation, the cross section for collisions between the par-
ticles of the first component is derived. For the hard-sphere interaction, this
quantity is obtained from the dynamic viscosity of the first species (1) [56]
such that

5 VrmiksT,
o = 1.016034— Y UEEZ0

16 p(1)

By using the definition of the rarefaction parameter, the characteristic veloc-

(4.14)

ity and the ideal gas law, the cross section is obtained by

my 04 po(Ca)
(Ca)naLle po(1)

where L¢ is the characteristic length of the problem, appearing in the def-

)
ori11 = 1016034% V 2 m (415)

inition of the rarefaction parameter. The collision cross section defined by
Eq. (4.15) depends on the ratio of the viscosities (1)/u(C4), which can be
obtained in a standard manner for hard-sphere gases [53|. The viscosity for

the binary gas can be written as u(C) = py + po, where p, is given by

\1}5 + V(4)
afB
Mo = P()a D (1) (416)
VY, Vs — yc(w)y/é;
where
T, =08 Wy z/égﬁ) (4.17)

with @ = [1,2] and a # (. In the above expression, Py, = ng.kTp is the
partial pressure with ng, denoting the component densities and ygg are the
collision frequencies, expressions of which can be deduced for hard spheres.
By using Eq. (4.16), the viscosity ratio is calculated. It is noted that
(1) = pp and p(0) = po. From orgp given by Eq. (4.15) in terms of
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the defining quantities of the flow problem, the remaining components of the
collision cross section are obtained by o712 = o791 = o7.11(d12/d11)* and
Or922 = O’T’H(dm/du)? Substituting the expressions of the total collision
cross sections into Eq. (4.13), the number of preselected particles in the cell
can be deduced.

The final selection for collision is obtained by applying the acceptance-
rejection method for the molecular velocity since the cross section is constant
in Eq. (4.13). The preselected pair is accepted (or not) for collision on the
basis of the probability p = vgr.as/(VR.0s)maz-

The post-collisional velocities of the particles can be deduced from ele-
mentary mechanics. Two colliding particles with masses m,, mg and initial
velocities &,,&p are considered. The velocity of the center of mass is given
by

ma&a + mpép
me +mg

(4.18)

Up =

This quantity is a collisional invariant and takes the same value before and
after the collision. The main quantities in the calculation are the relative

particle velocities respect to the centre of mass
ﬁazﬁa—uA, '&ﬁzﬁg—uA. (419)

The hard-sphere collision for binary mixtures is isotropic. As a consequence,
the post-collisional relative velocities can be obtained from an isotropic rota-
tion of the pre-collisional relative velocities. The post-collisional values can

be written by
u,, = |u,le, ﬂ’ﬁ = —|ugle, (4.20)

where e is a randomly selected unit vector with equal probability for all spher-
ical angles. Finally, the post-collisional particle velocities can be obtained by

moving back to the real, laboratory coordinate system

&, = U, +ua, &p=1Uh+ua (4.21)
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Variable hard-sphere

The usefulness of the hard-sphere model is its relatively simplicity for prac-
tical implementation. It is also physically acceptable for nearly isothermal
simulations. However, the model provides a temperature dependence of the
viscosity as (T//Tp)'/2. In realistic application, the exponent should be around
0.75 To overcome this difficulty, the VHS model [8] can be used, where the
diameter of the molecule depends on the relative velocity, but the deflection
angle of the collision is the same as for the HS model. By using this idea,
an arbitrary temperature exponent in the viscosity can be achieved. How-
ever, in the present work, this model is not used because the flow is nearly

isothermal.

Variable soft-sphere

The VSS model was developed to obtain a variable ratio for the viscosity
and the diffusion coefficient [37], [8]. In the method, the molecular diameter
depends on the relative velocity of the molecules in the same manner as for
the VHS model. In addition, the deflection angle for the collision is slightly
modified compared to the HS model.

The total cross section for similar particles o,, with o = 1,2 can be
connected to the viscosity of the individual components. In terms of the

viscosity, the cross section can be written by

S 7T5(aa + 1) (aq + 2)/me /7 (ETy)w> (4.29)

16al'(9/2 — wo)pa B2

where a,, and w, are the coefficient for the deflection angle and the temper-
ature exponent for the viscosity, which can be obtained from databases for
each species. In addition, FE; is the translational energy with regard to the
relative velocity. This relationship can be used to determine the cross section

in units of the relevant spatial scale through the rarefaction parameter as in
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the case of the HS model such that

_\/%5(% + 1)(aq + 2) <

7o TV 64T (9/2 — wa)
( - )1—wa 5 < v, )(1—2m) 110(C'a) (423)
m(Ca) naLoe \vo(Ca) po(cr) - .
It is noted that the HS result can be obtained by using the HS data, a, =1
and w, = 1/2.

The total cross section for unlike molecules o5 can be deduced from the
diffusion coefficient such that

- 3((112 + 1)(2kT0)w12
16T(7/2 — wig) (mm, )20 A D1p (2B )=12-1/2

where a1, w19 are the corresponding parameters for the deflection angle and

012 =

(4.24)

the viscosity. If these parameters are not available in tabulated froms,
the average of the single gas results may be used. In addition, m, =
mims/(my + ms) is the reduced mass of the components, and Djy is the
diffusion coefficient. This expression can be reformulated in the units of the
problem by using the rarefaction parameter and the definition of the reference
Schmidt number in container A, Scy = u(Cy)/(m(Ca)naD1s) as
3(az +1) Scada v, (1=2wa)

16T°(7/2 — wi2) nale (’UQ(CA))

Eqgs. (4.23) and (4.25) are used to determine the number of preselected pairs
in the DSMC algorithm.

The final selection for collision is obtained by applying the acceptance-

012 = Qﬁ (425)

rejection method for both the cross section and the molecular velocity. The
preselected pair is accepted (or not) for collision based on the probability
p= UaﬁvRﬂﬁ/(JaﬂvR,aﬂ)maw‘

The post-collisional velocities in the collision treatment can be obtained
from the deflection angle for the interaction. As it has been mentioned, this
expression differs from the corresponding one for HS gas. The particular

expression for the post-collisional velocities is given in Ref. [§].
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4.3.6 Sampling of macroscopic quantities

The macroscopic quantities in the cell, the density, the velocity and the
temperature, are obtained in the sampling procedure. The determination of
these quantities follows from their microscopic definition. The sampling step
in the DSMC provides the instant value of the macroscopic quantities in the
cells. However, for steady state simulations, the averaging can be extended
for the whole simulation time, which produces the ensemble average of the
quantities being identical with the physical values.

The number density of the components in the cell can be obtained by

Na . NQVA

nog  NaVo'

where N4 denotes the total number of particles initially distributed in the

(4.26)

upstream reservoir and V) is the volume of the upstream reservoir. The bar
denotes the operation of the time average.
The dimensionless macroscopic velocity vector for the components is de-

termined by

i 4.27
vo( OA NTa iz::'v (4.27)

where Np, is the total number of particles from component « in the cell
during the sampling time and v,; is the dimensionless velocity of the i-th
molecule from component « in the cell.

In the same manner, the dimensionless temperature of the gas can be

obtained such that
2 Npg

T 3T

a=1 =1

'vai —u)’ (4.28)

where Ny = Np; + Nrpg is the total number of particles in the cell during
the sampling period. In addition, the dimensionless macroscopic velocity
of the mixture is given by w = (nymiu; + nomaous)/(nymy + noms) with
Uy = u,/0(Ch).
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4.3.7 Computational details

Some details of the implementation of the computational algorithm in the
DSMC code is discussed in the following. The code applies the routines:
1. initialization, 2. moving, 3. indexing, 4. colliding, 5. sampling. After
initialization, the code repeatedly uses the moving, indexing, colliding and
sampling routines.

The code starts with the initialization routine. In this part of the code,
the basic elements of the scheme are defined. This involves setting up the
cell structure, with the coordinates of the vertexes of the cells. The cells are
numbered in accordance with their positions in the spatial domain. The cell
number can be recalculated from an arbitrary point of the cell. Then, the
initial particles are distributed in the cells in accordance with the macroscopic
quantities.

After the initialization routine, the program switches to the moving step,
when the coordinates of the particles are updated. The boundary conditions
are also enforced. In the moving step, the effect of the weighting zone is also
considered. Finally, the cell number for a particle is updated if the particle
moves from one cell to another. The cell number of each particle is stored in
the memory.

In the next stage, the scheme enters the indexing step. When the particles
are selected for collision, the identifiers of the particles residing in the cell are
to be known. After the moving step, the particles are arranged into tables,
which contain the particles in sequences by their occurrence in the cells. In
the present DSMC, a doubled particle table is used for the two components
of the mixture.

In the colliding step, the intermolecular collisions are simulated. For each
cell, the actual preselected pairs for collision are determined for the different
collision groups. After the pre-selection, the final distribution is obtained by

using the acceptance-rejection method. The post-collisional velocities of the
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particles are calculated from the collision rule.

Finally, the macroscopic quantities are calculated in the sampling step.

4.4 Results and discussions

4.4.1 Flows through short tubes and orifices

In this section, the results for the short tube problem in terms of the flow rates
and the axial distribution of the macroscopic quantities are presented and
discussed. The parameters of the simulations are chosen as follows. The size
of the inlet and outlet reservoirs is given by Ly = Ly = R4 = Rg = 8R. The
total number of particles is 4x 107, which slightly varies during the simulation.
Initially, 107 particles is used, then, this value is doubled two times to reach
the final number of particles. The time step is At = 0.005R/vo(C4) and
the largest grid spacing is R/20. The simulations are terminated by using a
constraint in terms of the total flow rate. The statistical scattering for the
short tube problem is estimated as e = v/N+/(NT — N7), where N* and
N~ denote the total numbers of particles crossing through the inlet cross
section from the upstream reservoir to the tube and in the reverse direction,
respectively. The simulation terminates with fulfilling the constrain ¢ <
0.004. The achieved accuracy for the total flow rate is better than +0.5%.
Test simulations have been managed for flows through a short tube with
L/R = 0.1 and Pg/Ps = 0.1 at rarefaction parameters d4 = 1,10,50 for a
single gas. The flow rates have been compared to corresponding values in Ref.
[101]. The difference between the results is less than £0.5%. Test simulations
have also been carried out for flows through an orifice with Pg/P4 = 0.1 at
rarefaction parameters 64 = 1,10, 100 for the single gas case. The flow rate
has been compared to the result of Ref. [64]. The difference between the two
results is less than +0.5%.

Simulations have been carried out for He/Ar and Ne/Ar mixtures by
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using the hard-sphere molecular model. The mass and diameter ratios of
He/Xe and Ne/Ar are given by m;/my = [4.0026/131.30,20.183/39.948]
and dy /dy = [1/2.226,1/1.406], respectively. The simulations refer to differ-
ent values of the channel length, the concentration, the pressure ratio and
the reference rarefaction parameter. It is noted that the simulations have
been executed on a cluster having difference processors. The simulation time
is in the range from a few days to one and a half months. The required time

increases with increasing pressure ratio and channel length.

Flow rates through short tubes

Tables 4.1-4.4 show the flow rates of the components J,, the ratio .J;/J; and
the total flow rate for different flow configurations. The J;/Js ratio is used
to examine the separation phenomenon, which means that the components
have different average flow speeds due to the different molecular velocities. In
some cases, the flow rates for a single gas are also provided for comparative
purposes.

In Table 4.1, these quantities are tabulated for He/Xe mixture flowing
through a channel with L/R = 1 at Pg/P4 = 0.1 in terms of the reference
rarefaction parameter in the range of 0 < 94 < 100. Three concentration
values Cy = [0.25,0.5,0.75] are examined. In addition, the total flow rate
for a single component gas J* from Ref. [101] is shown. The single gas
result denoted by W in Ref. [101] is converted to the present formalism
according to J = W/(2y/7). In Table 4.1, the dependency of the flow rates
on 64 and C'4 can be observed. As §4 increases, the flow rate of the lighter
species J; decreases up to 44 = 50 and then it increases, while the flow rate
of the heavier species Jy steadily increases. Furthermore, the ratio J;/.Jo
monotonically increases as 4 decreases due to the gas separation. In the
hydrodynamic limit, where separation is diminishing, the ratio .J; /.J; tends to

the limiting value of C'4/(1—C4). The separation phenomenon becomes more
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and more important with increasing gas rarefaction (i.e. with decreasing
d4). In this situation, the gas components become more independent of each
other due to the reduction of intermolecular collisions. The total flow rates
are quite different from the corresponding ones of the single gas, except in
the case of large values of 4, where all dimensionless total flow rates are
approaching each other. This situation occurs because the gas becomes so
dense in the viscous limit that diffusion effects become negligible and the
mixture tends to behave like a single gas. In addition, it can be seen that the
dependency of the total flow rate J on d 4 is not monotonic. As §4 increases,
the flow rate is initially reduced and then after some critical value of d4, the
flow rate increases. A type of a Knudsen minimum shows up although such
a minimum is not present in the corresponding single gas flow.

Table 4.2 presents the component and total flow rates in terms of §4 for
He/Xe with Cy = 0.5, Pg/P4 = 0.1 and L/R = 5, 10. Therefore, the
results of this table in connection with the corresponding ones, Table 4.1
with C'y = 0.5, may provide a description of the dependency of the flow rates
on the length of the channel. The available corresponding single gas results
are also tabulated from Ref. [101]. It can be clearly seen that the flow rates
decrease as the channel becomes longer. This behavior is easily explained
by the fact that the local pressure gradient becomes smaller with increasing
channel length at constant overall pressure drop. However, the qualitative
behavior of the component and total flow rates with respect to d4 is similar
as before. With regard to the dependency of the separation on L/R, it can
be seen that for the same values of ¢4, as we are moving from L/R = 1 to
L/R =5, the ratio J;/.J; is nearly the same but initially increases and then
decreases for L/R = 10.

It is interesting to examine whether the specific behavior of the flow
rates versus the gas rarefaction is still observed at a smaller pressure drop.

Therefore, in Table 4.3, the normalized flow rates and the ratio J;/Jy are
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Table 4.1: Dimensionless flow rates of He/Xe through short tubes in terms
of 4 for Pg/P4 = 0.1, L/R =1 and Cy = [0.25,0.5,0.75] (top, center and
bottom).

51 | & T2 )l J T
0 | 0203 0.111 1.91 0324 | 0.171
01 | 0210 0.114 185 0.324 | 0.173
0.5 | 0.200 0.123 1.62 0.323 | 0.183
1 | 0188 0134 140 0.322 | 0.194
5 | 0134 0193  0.694 0.327 | 0.258
10 | 0112 0225 0496 0.337 | 0.296
50 | 0.0948 0274 0.347 0.368 | 0.361
100 | 0.0973 0.286  0.341 0.383 | 0.381
0 | 0351 0.0613 573 0412 | 0.171
0.1 | 0348 0.0631 551 0411 | 0.173
05 | 0335 00709 4.72 0.406 | 0.183
1 | 0320 00801 3.99 0.400 | 0.194
5 | 0243 0129 1.88 0373 | 0.258
10 | 0.212 0.154 1.38  0.366 | 0.296
50 | 0188 0.185 1.02  0.374 | 0.361
100 | 0.193 0191 1.0l  0.384 | 0.381
0 | 0383 00223 172 0405 | 0.171
0.1 | 0381 00233 164 0.404 | 0.173
05 | 0375 00281 134 0.404 | 0.183
1 | 0367 0.0339 109 0.401 | 0.194
5 | 0314 00657 478  0.380 | 0.258
10 | 0290 0.0804 3.61 0.371 | 0.296
50 | 0.283 0.0937 3.02 0.377 | 0.361
100 | 0289 0.0962 3.01 0.386 | 0.381

tabulated in terms of d4 for the binary mixture of He/Xe with Cy = 0.5
and Pg/P4 = 0.4. By comparing the corresponding results of Tables 4.1
and 4.3, it is clearly seen that the magnitudes of all flow rates are reduced
with decreasing pressure drop. However, again, the ratios J;/Jy increase,
as we are moving from the continuum to the free molecular regime. The
flow rates J; and J, which are very close to each other at 64 = 100, also
start to depart from each other as d4 decreases with the largest deviation
occurring at 04 = 0. With regard to the total flow rate, J first decreases up

to 4 = 1, where the minimum flow rate is obtained, and then it increases
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Table 4.2: Dimensionless flow rates of He/Xe through short tubes in terms
of 64 for Pg/P4 = 0.1, L/R = [5,10] (top and bottom) and C4 = 0.5.

5. ] T2 Nl J T
0 | 0162 00272 5.95 0.180 | 0.0787
0.1 | 0.160 0.0280 569 0.188 | 0.0793
0.5 | 0.150 0.0313 481  0.182 | 0.0821
1 | 0.141 0.0352 4.01  0.176 | 0.0858
5 | 0.105 00604 1.74 0.165 | 0.116
10 | 0.101 0.0799 1.26  0.181 | 0.149
50 | 0.131  0.120 1.02  0.261 | 0.258
100 | 0.147  0.147  1.00  0.294 | 0.302
0 [0.0996 00174 572 0117 | 0.0480
0.1 | 0.0973 0.0175 555 0.115
0.5 | 0.0914 0.0200 457  0.111 | 0.0482
1 | 00843 0.0219 384  0.106
5 | 0.0615 0.0370 1.66  0.0985
10 | 0.0612 0.0496 123  0.111 | 0.0906
50 | 0.0999 0.0982 1.02  0.198
100 | 0.120 0120 1.00  0.240

Table 4.3: Dimensionless flow rates of He/Xe through short tubes in term
of 5A for CA = 05, PB/PA =0.4 and L/R =1.

51 | & T2 Nl J
0 | 0234 0.0406 578 0275
0.1 | 0.231 0.0425 543 0.273
0.5 | 0221 0.0491 451 0.271
1 | 0211 00569 371 0.268
5 10180 0104 1.73 0.284
10 | 0176 0.133  1.32  0.308
50 | 0177  0.175  1.01  0.353
100 | 0.185 0.185  1.00  0.370

up to o4 = 100.

In Table 4.4, the flow rates and the ratio J;/Js of the two different gas
mixtures He/Xe and Ne/Ar are shown for C4 = 0.5, L/R = 0.3 and
Pg/Py = [0.1,0.4,0.7]. Starting the comparison with the corresponding
flow rates of the light species, it is seen that as 4 increases the flow rate

of He decreases in all cases except for P4/Pp = 0.7 and d4 > 10, while the
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Table 4.4: Dimensionless flow rates through short tubes for He/Xe and
Ne/Ar in terms of d4 for Cy = 0.5, Pg/Ps = [0.1,0.4,0.7] (top, center and
bottom) and L/R = 0.3.

He/Xe Ne/Ar
oA [T N A S T o Il T
0 | 0454 0.0796 5.70 0.533 | 0.135 0.0961  1.40 0.231
0.1 | 0451 0.0821 5.50 0.533 | 0.136 0.0981  1.38 0.234
0.5 | 0436 0.0917 4.76 0.528 | 0.140  0.107 1.31 0.246
1 0.418 0.104 4.04  0.522 | 0.145 0.117 1.24 0.261
5 | 0317 0.164 1.94 0.481 | 0.170  0.163 1.05 0.333
10 | 0.265 0.190 1.40 0.455 | 0.183  0.182 1.00 0.364
50 | 0.215 0.210 1.02  0.426 | 0.202 0.203 1.00 0.404
100 | 0.212 0.211 1.01  0.424 | 0.206 0.207  0.994 0.413
0 ]0302 0.0525 576 0.355 | 0.0894 0.0637 1.40 0.153
0.1 | 0.299 0.0550 5.44 0.354 | 0.0908 0.0656  1.38 0.156
0.5 | 0.289 0.0638 4.54 0.353 | 0.0945 0.0733 1.29 0.168
1 0.277 0.0742 3.73 0351 | 0.100 0.0825 1.21 0.183
5 10237 0.134 177 0370 | 0.141  0.136 1.04 0.276
10 | 0.221 0.164 1.35  0.384 | 0.165 0.163 1.01 0.328
50 | 0.201  0.195 1.03  0.397 | 0.194 0.194 1.00 0.388
100 | 0.201  0.200 1.00 0.401 | 0.200  0.200 1.00 0.400
0 | 0151 0.0264 572 0.178 | 0.0447 0.0319 1.40 0.0766
0.1 | 0.149 0.027v9 5.35 0.177 | 0.0456 0.0331 1.38 0.0787
0.5 | 0.143 0.0330 434 0.176 | 0.0481 0.0379 1.27  0.0859
1 0.137 0.0396  3.47 0.177 | 0.0515 0.0434 1.19  0.0949
5 | 0131 0.0830 1.57 0.214 | 0.0859 0.0832 1.03 0.169
10 | 0.144 0.115 1.25  0.259 | 0.117  0.116 1.01 0.233
50 | 0.160  0.155 1.03  0.315 | 0.156  0.156 1.01 0.312
100 | 0.162  0.162 1.00 0.325 | 0.162  0.163 1.00 0.325

flow rate of Ne always increases. The corresponding flow rates of the heavy
species, i.e. Xe and Ar, steadily increase in all cases with increasing d4. It
is seen that there are not only quantitative but also qualitative differences
with regard to the light species of the two mixtures. The ratios J;/Jo in
both mixtures monotonically decrease as the reference rarefaction parameter
increases and finally approach unity as the viscous limit is reached. Thus,
the separation phenomenon is present in both mixtures. However, since the

values of J;/Jy of He/Xe are much higher than the corresponding ones for
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Table 4.5: Dimensionless flow rates through orifices for He/Xe in terms of
d 4 for various values of C'y and Pg/Ps = 0.1.

5. | T T L J T
0.1 | 0314 0170 1.85 0483 | 0.257
0.5 | 0300 0.184 1.63 0.484
1 | 0284 0200 142 0484 | 0.291
5 10203 0279 0.728 0.482
10 | 0.162 0.309 0.524 0.472 | 0.405
50 | 0116 0.332  0.348 0.448
100 | 0.113  0.331  0.340 0.444 | 0.430
0.1 | 0518 0.0945 549 0.613 | 0.257
0.5 | 0503 0.106  4.77  0.609
1 | 0483 0.119  4.05 0.602 | 0.291
5 10366 018 197 0.552
10 | 0300 0.213 141 0514 | 0.405
50 | 0233 0229 1.02 0.462
100 | 0.227 0226  1.01  0.453 | 0.430
0.1 | 0.568 0.0345 165 0.603 | 0.257
0.5 | 0.563 0.0418 135  0.605
1 | 0554 0.0499 11.1  0.604 | 0.291
5 | 0467 0.0939 4.97  0.561
10 | 0411 0112  3.67 0523 | 0.405
50 | 0356 0.118  3.02  0.474
100 | 0.345 0.115  2.99  0.460 | 0.430

Ne/Ar, except at large values of §4, where both ratios are close to one,
there is a clear indication that separation is stronger for the mixture with
the larger molecular mass ratio. With regard to the total flow rates, it can
be seen that J monotonically increases as 04 increases in the case of Ne/Ar,
while the dependency on the rarefaction parameter is quite different in the
case of He/Xe. This latter behaviour is quite close to the one previously
observed of the other L/R. It is interesting to note that the Knudsen mini-
mum previously observed does not show up at all for Pg/Ps = 0.1 and it is
very shallow for Pg/P4 = 0.4 and 0.7 in the present case of the He/Xe flow
through this very short tube.
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Table 4.6: Dimensionless flow rates through orifices for He/Xe in terms of
5A for CA = 0.5 and PB/PA = 0.4.

5+ | T2 N J
0.1 | 0.346 0.0628 5.51  0.409
0.5 | 0.333 0.0733 454  0.406
1 | 0320 00851 375 0.405
5 10273 0152 179  0.425
10 | 0.246 0.183  1.35  0.429
50 | 0211  0.205 1.03 0.416
100 | 0.204 0.205  1.00  0.409

Table 4.7: Dimensionless flow rate through orifices for He/Xe in terms of
Pg/Py for §4 =1 and Cy = 0.5.

Ps/Px | N o L[l J
0 0537 0120 4.16  0.666
01 | 0483 0119 4.05  0.602
04 | 0320 00851 3.75  0.405
0.7 | 0.158 0.0455 348  0.204
09 | 00531 00158 3.37 0.0689

Table 4.8: Dimensionless flow rates through orifices for Ne/Ar in terms of
da for Cy = 0.5 and Pg/P4 =0.1.

04 J1 Jo J1/J2 J J*
0.1 | 0.156 0.113 1.38 0.269 | 0.257
0.5 | 0.161 0.123 1.31 0.283
1 0.166 0.134 1.24 0.300 | 0.291
5 10194 0.18 1.06 0.378
10 | 0.205 0.203 1.01  0.408 | 0.405
50 | 0.214 0.216 0.992 0.431
100 | 0.216 0.215 1.00 0.431 | 0.430

Flow rates through orifices

In this section, Tables 4.5-4.8 present some results for flows through orifices
L/R = 0 at various flow parameters. In Table 4.5, the flow rates are tabulated
for He/Xe mixture with reference concentrations Cy = [0.25,0.5,0.75] and

pressure ratio Pg/Py = 0.1 for 0.1 < 6, < 100. It can be seen that J;
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monotonically increases while .J5 initially increases up the o4 = 50 then it
decreases in all cases with decreasing rarefaction parameter. This behavior
is similar to the short tube case L/R = 0.3 in Table 4.4 for He/Xe at the
same pressure ratio, except Jo in the range of 4 = 50 — 100. The gaseous
separation J; /Jo has nearly the same structure as in Tables 4.1 and 4.4. The
total flow rate increases with decreasing rarefaction parameter and always
larger than the corresponding single gas results J* obtained from Ref. [64].

Table 4.6 shows the flow rates for He/Xe mixture with Cy = 0.5 at larger
pressure ratio Pg/P4 = 0.4. It can be seen that the flow rates are generally
smaller than in Table 4.5 due to the reducing driving force. However, the
gaseous separation is nearly the same as for Pg/P4 = 0.1. Table 4.7 presents
the results at 4 = 1 and different values of the pressure ratio. It is confirmed
that the flow rates become smaller at larger pressure ratio. In addition,
the gaseous separation is intensified by increasing pressure drop. Finally,
in Table 4.8, the flow rates are shown for Ne/Ar mixture with Cy = 0.5
and Pg/P4 = 0.1. In this case, the flow rates follow the typical pattern of
the single gas situation and the dependence on the rarefaction parameter is
similar as for the corresponding tendency given in Table 4.4. It is also shown

that the separation is stronger for the mixture with larger mass ratio.

Overview on the flow rates

Closing this section on the flow rates, it may be useful to have a visual
description of the dependency of the total flow rate of the gas mixture of
He/Xe in terms of gas rarefaction and tube length. In Figure 4.3, the total
flow rate J of He/Xe as a function of 44 is presented for Cy = 0.5, Pg/Py =
0.land L/R =[0,0.3,1,5,10]. As L/R is increased the flow rate is decreased.
In addition, it is seen that for very short channels with L/R < 0.3, the flow
rate monotonically decreases with increasing 4, while for longer channels,

with L/R > 1, the dependency of the flow rate is not monotonic and the
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Figure 4.3: Dimensionless total flow rate for He/Xe as a function of d4 for

Cx =0.5, Pg/Ps = 0.1 and various values of L/R for short tubes.

so-called Knudsen minimum appears.

Axial distributions of macroscopic quantities

Axial distributions of the density of the mixture components are presented
in Figures 4.4-4.6. In Figure 4.4, the densities are shown for He/Xe with
Cy=0.5,Pg/Py=0.1,L/R=11,5,10], and d4 = [0.1,1,10]. It can be seen
that the component densities vary between the upstream and downstream
reference values, exhibiting a rapid change in the zone of the tube. In the
free-molecular limit, the corresponding density profiles of the two species
are nearly the same; however, the densities are component dependent at
larger values of the rarefaction parameter. Because of the difference in the
density of the components, there is a concentration variation along the tube,
which is caused by the separation effect. The lighter particle has larger
molecular speed than that of the heavier one due to the smaller molecular
mass. The pressure gradient accelerates the flow along the channel, and
the lighter particle acquires larger flow speed. This mechanism eventually

results into the gas separation. Figure 4.5 presents the axial distributions
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Figure 4.4: Axial distributions of the density of each species of He/Xe for
Cy =05, Pg/Py =0.1, 04 = [0.1,1,10] and L/R = [1,5,10] (from top to
bottom) for short tubes. Filled and empty symbols stand for He and Xe,

respectively.
of the density of the components for He/Xe at two different values of the

concentration Cy = [0.25,0.75] with L/R = 1, Pg/P4 = 0.1 and 04 =

10. It can be seen that the density curves exhibit the expected behaviour.
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Figure 4.5: Axial distributions of the density of each species of He/Xe for
L/R=1,04=1, Pg/Py=0.1 and C4 = [0.25,075] for short tubes. Filled
and empty symbols stand for He and Xe, respectively.

Starting at the inlet reference value, they decrease in the zone of the tube and
finally reach the outlet reference density. A comparison between the density
distributions of He/Ar and Ne/Ar with L/R = 0.3, Cy = 0.5, 4 = 1
and Pg/P4 = [0.1,0.4,0.7] is shown in Figure 4.6. Here, the effect of the
type of the mixture may be observed. The differences between the density
distributions of the species of each mixture are larger for the He/Xe mixture,
which of course has the larger molecular mass ratio. This is again due to the
separation phenomenon which is expected to be more dominant for mixtures
with larger mass ratios.

Figures 4.7 and 4.8 present the velocity distributions along the axis of
the channel. In Figures 4.7, the axial velocity distributions of each species
are plotted for He/Xe with Cy = 0.5, Pg/P4 = 0.1, 64 = [0.1,1,10] and
L/R =[1,5,10]. In all cases, the velocities of He are larger than the veloci-
ties of Xe. The velocity difference between the components becomes larger as
the rarefaction parameter decreases. This is due to the fact that the compo-
nents tend to propagate with their own molecular speeds as the gas becomes
more rarefied and intermolecular collisions are less important. In the inlet

region and along the channel the velocities steadily increase reaching their
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Figure 4.6: Axial distributions of the density of each species of He/Xe (top)
and Ne/Ar (bottom) for Cy = 0.5, L/R = 0.3, 04 = 1 and Pp/Py =
[0.1,0.4,0.7] for short tubes. Filled and empty symbols stand for the lighter

and heavier components, respectively.

maximum values after the exit of the tube and then they gradually decrease
in the outlet section. It is also seen that the velocities become smaller as
the channel becomes longer. This is a consequence of the smaller average
pressure gradient available with longer channel. Figure 4.8 shows the ax-
ial velocity profiles of the species of the two mixtures under investigation
with Cy = 0.5, 04 = 5, L/R = 0.3 and Pg/Ps = [0.1,0.4,0.7]. The veloc-
ity difference between the components of Ne/Ar is smaller than the one of
He/Xe.

The temperature distribution for He/Xe with Cy = 0.5, Pg/P4 = 0.1,
d4 =[0.1,1,10] and L/R = [1,5,10] is shown in Figure 4.9. A temperature
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Figure 4.7: Distributions of axial velocities of each species of He/Xe for
Cy =05, Pg/Py =0.1, 04 = [0.1,1,10] and L/R = [1,5,10] (from top to
bottom) for short tubes. Filled and empty symbols stand for He and Xe,

respectively.
drop having its maximum after the exit of the channel is observed. This is

due to the strong expansion of the gaseous mixture in the low pressure envi-

ronment. The temperature drop generally decreases as the channel becomes
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Figure 4.8: Distributions of axial velocities of each species of He/Xe (top)
and Ne/Ar (bottom) for Cy = 0.5, L/R = 0.3, 04 = 5 and Pp/Py =
[0.1,0.4,0.7] for short tubes. Filled and empty symbols stand for the lighter

and heavier components, respectively.

longer. For longer channels, the flow rates are reduced so the expansion
becomes weaker, which eventually causes smaller temperature drop.

Finally, Figure 4.10 shows the axial distribution of the local rarefaction
parameter and the Mach number for He/Xe with L/R = 0.3, C4 = 0.5
and 64 = 1 and various values of the pressure drop. The Mach number is
defined as Ma = /6/5u’/vy(Ca), where «’ is the absolute value of the mass-
density average velocity. It can be seen that the rarefaction parameter shows
strong variation along the axis of the tube. It starts at the inlet reference
value, then decreases in the tube, and finally reaches the outlet value, which

is (Pg/P4)da in accordance with the pressure drop. This variation is very
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Figure 4.9: Axial distribution of the temperature of He/Xe for C4 = 0.5,
Pg/Py=0.1,04 =[0.1,1,10] and L/R = [1,5,10] (from top to bottom) for
short tubes.

similar to the variation of the number density. With regard to the Mach
number, it can be seen that it increases along the flow in the tube, reaching
its maximum value just after the exit of the tube, and then starts to decrease.

As the pressure drop becomes larger the Mach number increases due to the
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Figure 4.10: Axial distributions of the local rarefaction parameter (top) and
the Mach number (bottom) of He/Xe for Cy = 0.5, L/R = 0.3, 64 = 1 and
Pg/P4y =10.1,0.4,0.7] for short tubes.

stronger acceleration of the gas.

4.4.2 Flows through slits

In this section, the results of flow of binary gases through slits are discussed.
In the simulations, different upstream and downstream reservoir sizes, de-
pending on the rarefaction degree of the gas, are used. The length L4 and the
height H4 of the upstream reservoir is chosen as 30H for all rarefaction pa-
rameters. The size of the downstream container is chosen as Ly = Hg = 8H.
The time step is At = 0.005R/v(C4) and the largest grid spacing is H/40.

The total number of particle is 8 x 107 in the simulations. Initially, the num-
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ber of particle is 2 x 107, which is doubled two times at the beginning of
the simulation to reach the final value. For terminating the simulations, a
criterion is formulated in terms of the total flow rate. In the present case,
the statistical scattering is estimated as ¢ = 1/(v/N* — v/N-), where N*
and N~ are the total number of particles entering the downstream and up-
stream containers through the slit. The simulations are terminated when the
condition € < 0.004 is fulfilled. The achieved accuracy for the total flow rate
is better than +0.5%. Test simulations have been performed for a single gas
with Pg/Ps = 0.1 and rarefaction parameters 4 = 1,10,50. The flow rates
have been compared to the results of Ref. [74]. The difference between the
results is less than £1%.

Simulations have been performed for He/Xe and Ne/Ar mixtures. The
same molecular parameters are used as for the short tube problem. The flow
is investigated at different values of the concentration, the pressure ratio
and the inlet rarefaction parameter. The simulations have been executed on
different processors of the cluster. The required simulation time is in the
range from a few days to two months. It is found that the simulation time

increases with increasing pressure ratio.

Flow rates

Tables 4.9-4.11 show the flow rate of the components and the mixture through
the slit for different flow parameters. In Table 3.5, the flow rates are pre-
sented for the He/Xe mixture at the reference concentration Cy = 0.25,0.5
and 0.75 for flow into vacuum, Pg/P4 = 0, as a function of the rarefaction
parameter. It can be seen that the relative flow rates J;/J and Jo/J in the
hydrodynamic limit reach the limiting values of C'4 and 1 — C4 defined by
the molar weights of the components. With decreasing rarefaction parameter,
04 — 0, the flow rate of the lighter component monotonically increases in all

cases. This behaviour is caused by the larger molecular speed of the lighter
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Table 4.9: Flow rates through slits for He/Xe mixture at different values of
the concentration and Pg/P4 = 0.

Ca=0.25 Ca=05 Ca=0.75
oA J1 Ja J J1 Ja J J1 Ja J
0.1 | 0.352 0.189 0.541 | 0.577 0.105 0.682 | 0.632 0.0393 0.672
0.5 | 0327 0.208 0.5335 | 0.545 0.121 0.667 | 0.616 0.0489 0.665
1 10289 0.228 0.518 | 0.498 0.140 0.638 | 0.586 0.0605 0.646
5 | 0179 0.300 0.479 | 0332 0.208 0.540 | 0.443 0.110 0.553
10 | 0.141 0.329 0470 | 0.274 0.233 0.506 | 0.400 0.124 0.524
50 | 0.119 0.344 0.462 | 0.237 0.239 0.476 | 0.370 0.123  0.493
100 | 0.114 0.342 0.455 | 0.234 0.234 0.468 | 0.355 0.120 0.475

Table 4.10: Flow rates through slits for Ne/Ar mixture at C4 = 0.5 and
Pg/Py=0.

04 J1 Ja J
0.1 | 0.175 0.125 0.300
0.5 ] 0.181 0.138 0.319
1 0.183 0.150 0.334
5 | 0.200 0.194 0.393
10 | 0.211 0.210 0.421
50 | 0.221 0.222 0.443
100 | 0.220 0.222 0.442

component. When the rarefaction is increased, the effect of the intermolec-
ular collisions becomes less important, and the flows of the two components
become independent of each other. The larger molecular speed of the lighter
component results into the increasing flow rate J; with decreasing rarefaction
parameter. The flow rate of the heavier component .J; initially increases up
to 94 = 50 for C'x = [0.25,0.5] and 64 = 10 for Cy = 0.75 then monotoni-
cally decreases as the rarefaction parameter becomes smaller. The net effect
of the behaviour of the component flow rates is a monotonically increasing
total flow rate with decreasing rarefaction parameter. However, the rarefac-
tion dependence of the total flow rate is opposite as for the single gas due to
the inverted flow rate of the lighter particle.

Table 4.10 presents the flow rates for the Ne/Ar mixture at C4 = 0.5
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Table 4.11: Flow rates through slits for He/Xe and Ne/Ar mixture at Cy =
0.5 and Pg/P4 = [0.4,0.7] (top and bottom).

He/Xe Ne/Ar
dA J1 Ja J J1 Ja J
0.1 | 0.349 0.0634 0.413 | 0.106 0.0754 0.182
0.5 | 0.328 0.0773 0.406 | 0.113 0.0871  0.200
1 0.299 0.0932 0.392 | 0.117 0.0989  0.216
5 10239 0.163 0402 | 0.161 0.158  0.319
10 | 0.228 0.194 0.422 | 0.187  0.187 0.374
50 | 0.214 0.213 0.427 | 0.206 0.205 0.411
100 | 0.210 0.212 0.422 | 0.205 0.206 0.411
0.1 | 0.181 0.0315 0.212 | 0.0545 0.0374 0.0920
0.5 | 0.170 0.0394 0.210 | 0.0591 0.0446 0.104
1 0.153 0.0493 0.203 | 0.0625 0.0518 0.114
5 0.135 0.0982 0.234 | 0.0973 0.0951 0.192
10 | 0.152  0.132 0.284 | 0.130 0.129 0.260
50 | 0.164 0.163 0.327 | 0.160 0.161  0.321
100 | 0.162 0.164 0.326 | 0.163 0.161  0.323

and Pg/Ps = 0 at different values of the rarefaction parameter. With regard
to the hydrodynamic limit, similar observation can be made as for the corre-
sponding results in Table 4.9. The relative flow rates J;/J and Jy/J tend to
the values of C4 and 1 — Cy as the gaseous rarefaction approaches the con-
tinuum regime. However, at higher rarefactions there are major differences
between the two mixtures, He/Xe and Ne/Ar. The Ne/Ar mixture has
an opposite dependence of the total flow rate on the rarefaction parameter.
Actually, all of the flow rates, Ji, Jo and J, slightly increase up to d4 = 50
then monotonically decreases with decreasing rarefaction. The difference be-
tween the two composition is caused by the different mass ratios of the two
mixtures. The differences between the molecular speeds of the lighter and
heavier components for the Ne/Ar mixture is not as large as for the He/Xe
mixture. Hence, the flow rate rarefaction parameter function is similar to
the single gas case.

Finally, Table 4.11 shows the flow rates for the two types of mixtures with
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C4 = 0.5 and finite pressure ratios Pg/Ps = 0.4 and 0.7. As it can be seen
the J; flow rate for the He/Xe mixture follows the new, inverted flow rate
dependence in a wide range of the rarefaction parameter for Pg/P4 = 0.4
and from 94 = 5 with decreasing rarefaction parameter for Pg/P4 = 0.7.
At larger pressure ratio, the pressure gradient is not so large to accelerate
the lighter particle to produce the inverted flow rate in the whole range of
the rarefaction spectrum. The flow rate dependence of J; is similar to what
is observed in Tables 4.9 and 4.10. The flow rate generally decreases with
decreasing rarefaction parameter; however, it initially increases up to d, = 50
for Pg/Ps = 0.4. The total flow rate has a complex behaviour in both cases.
These findings indicate that the inverted flow rate is pronounced for large
pressure drops, when there is sufficient pressure gradient to accelerate the
lighter particle. With regard to the Ne/Ar mixture, it is found that all flow
rates generally decrease as the rarefaction parameter becomes smaller, except
the case of Pg/P4 = 0.4 where J; initially increases up to 04 = 50 then it
starts to decrease. In addition to the above results, it is more important to
note that the flow rates become smaller as the pressure drop is reduced. This

outcome is caused by the fact that the driving force is smaller in that case.

Axial distribution of macroscopic quantities

Figures 4.11-4.18 show the distribution of the densities, the axial velocities
and the temperature together with the rarefaction parameter and the Mach
number. Figure 4.11 presents the density profiles of the components for the
two mixtures with C'y = 0.5 and Pg/Ps = 0. The density curves show strong
variation near the orifice. Generally, the densities start to decrease from the
inlet values and then tend to the outlet zero value after the slit. However, the
density of the heavier particle for the case of He/X e mixture with 4 = 5 and
10 slightly increases near the slit, takes its maximum then starts to decrease.

It can be seen that the density profiles are strongly component dependent.
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Figure 4.11: The distribution of the density for He/Xe (left) and Ne/Ar
(right) mixtures with C4 = 0.5 and Pg/P4 = 0 at different values of the
rarefaction parameter for slit flows. Filled and empty symbols stand for the

lighter and heavier components, respectively.

From the density curves, it can be deduced that gas separation strongly
affects the flow. Near the free molecular limit, the density curves are nearly
identical. In this case, the dynamics of the gas components are independent.
The dynamics of both components follows the universal behavior of the single
gas. However, at intermediate values of the rarefaction parameter, there are
differences between the density profiles due to the gas separation. With
regard to the mixture composition, it can be seen that the separation is
larger for the He/Xe mixture than for the Ne/Ar one.

Figure 4.12 presents the density profiles for the He/Xe mixture at dif-
ferent concentrations C'y = 0.25 and 0.75, 04 = 10 and Pg/P4 = 0. The
density distributions show the decreasing character across the slit. The gas
flow is also affected by the gas separation.

In order to compare the results at different pressure ratios, Figure 4.13
shows the density profiles for the two types of mixture at C'y = 0.5, 04 =
1 and Pg/P4 = 0, 0.4 and 0.7. It can be seen that the densities tend
to the finite outlet conditions for finite pressure drops; however, the outlet

densities are zero for flow into vacuum. It is clearly seen that the separation
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Figure 4.12: The distribution of the density for He/Xe mixture with Cy =
[0.25,0.75] and 64 = 10 at Pg/Ps = 0.1 for slit flows. Filled and empty

symbols stand for the lighter and heavier components, respectively.
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Figure 4.13: The distribution of the density for He/Xe (left) and Ne/Ar
(right) mixtures with C'4 = 0.5 and d4 = 1 at different values of the pressure
ratio for slit flows. Filled and empty symbols stand for the lighter and heavier

components, respectively.

becomes stronger as the pressure drop becomes larger. As a consequence,
the separation is intensified with the larger pressure drop. It can be deduced
that the separation is stronger for the mixture with larger mass ratio. In
that case, the difference between the molecular velocities is larger, which

intensifies the separation.
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Figure 4.14: The distribution of the axial velocity for He/Xe (left) and
Ne/Ar (right) mixtures with Cy = 0.5 and Pg/P4 = 0 at different values of
the rarefaction parameter for slit flows. Filled and empty symbols stand for

the lighter and heavier components, respectively.
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Figure 4.15: The distribution of the axial velocity for He/Xe (left) and
Ne/Ar (right) mixtures with C'y = 0.5 and d4 = 1 at different values of the
pressure ratio for slit flows. Filled and empty symbols stand for the lighter

and heavier components, respectively.

In Figure 4.14, the velocity profiles are shown for two different mixtures
at Ca = 0.5, Pg/P4 = 0. For both cases, the velocities start to increase
as approaching the zone of the slit. The tendency of increasing velocity is

maintained after the slit as well. This behavior happens because the flow
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Figure 4.16: The distribution of the temperature for He/Xe (left) and Ne/Ar
(right) mixtures with C4 = 0.5 and Pg/P4 = 0 at different values of the

rarefaction parameter for slit flows.
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Figure 4.17: The distribution of the temperature for He/Xe (left) and Ne/Ar

(right) mixtures with C4 = 0.5 and 4 = 1 at different values of the pressure

ratio for slit flows.

is into vacuum. It is observed that significant differences can appear be-

tween the velocities of the components. The difference becomes larger as

the gas is more rarefied. This is caused by the increasing gas separation as

the rarefaction parameter becomes smaller. There are qualitative differences

between the two types of mixture. The velocity of the lighter component

monotonically increases as the gas is more rarefied for the He/Xe mixture,

134



513,

Figure 4.18: Normalized rarefaction parameter (left) and Mach number
(right) for He/Xe mixture with C4 = 0.5 and Pg/Ps = 0 at different values

of rarefaction parameter for slit flows.

while an opposite situation occurs for the Ne/Ar composition, the velocity
of the lighter species decreases as the rarefaction parameter decreases. These
findings are in accordance with the behavior of the flow rates.

Figure 4.15 shows the velocity curves for the two species at Cy = 0.5, 04 =
1 and different values of the pressure drop. There are qualitative differences
between the zero and finite pressure ratio cases. The velocities increase along
the 2’ axis for flow into vacuum. However, they take a maximum near the slit
for the finite pressure ratio cases. The reduction of the velocities in the latter
situation is caused by the background gas in the downstream reservoir. The
magnitude of the velocities become smaller if the pressure drop is reduced.

To examine the temperature, Figure 4.16 presents the temperature pro-
files versus the rarefaction parameter. The two types of mixture are studied
at Cy = 0.5, Pg/Ps = 0. The temperature shows a decreasing character,
which starts near the slit and still continues in the downstream reservoir. The
temperature drop is caused by the rapid extension of the gas into vacuum.
It is interesting to note that the temperature drop is larger for the Ne/Ar
mixture. This happens because the mixture temperature is affected by the

mass-density average gas velocity, which is larger for the Ne/Ar mixture.
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Figure 4.17 shows the temperature profiles for the two mixtures at Cy =
0.5, 04, = 1 and different values of the pressure drop. The temperature
has different behaviors at zero and finite pressure ratios. For zero pressure
drop, the temperature steadily deceases, while for the finite pressure ratio, it
reaches a minimum in the downstream container, then it starts to tend to the
value of the outflow condition. Generally, the temperature variation is larger
if the pressure drop is larger. This is in accordance with our expectation
since the flow is more out of equilibrium if the driving force is larger. On
the other hand, it is found that the temperature variation is larger for the
Ne/Ar mixture, which is caused by the larger mass-average velocity of this
mixture.

Finally, in Figure 4.18, the distributions of the local normalized rarefac-
tion parameter and Mach number are presented for He/Xe mixture with
Cy = 0.5 and Pg/Ps = 0 at different values of the reference rarefaction
parameter. The Mach number is defined by Ma = /6/5u' /vy(C.4), where
u’ is the absolute value of the mass-density average gas velocity. It is ob-
served that the rarefaction parameter rapidly decreases near the slit. Finally,
it tends to the zero outflow value, which corresponds to the vacuum condi-
tion. The Mach number starts increasing near the slit by moving from the
upstream to downstream reservoirs. The Mach number increases if the rar-

efaction parameter becomes smaller.
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Chapter 5

Experimental study of binary gas
flows through long microchannels
and comparison to kinetic

calculation

5.1 Introduction

The properties of rarefied gases can be measured by different experimental
techniques. With regard to flows through microchannels, the flow rate is
an important quantity and it has been studied by many researchers [6],[3],
[105],[44],[18], [19]. By using the flow rate, the average gas speed in the
channel can be estimated. The experimental flow rates can be compared to
different theoretical approaches. The slip coefficients have been determined,
for example, in Refs. [4], [16]. For mixtures, it is interesting to see the
effect of the gas separation, which has a significant impact on the flow rate.
The flow rate can be measured by the constant volume and bubble-tracking

methods. However, the constant volume method can be considered as the
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most accurate. In the experimental part of the thesis, this technique is used
for the measurement of the flow rate through different microchannels.

This chapter is dedicated to the flow rate measurement of binary gases
through long rectangular [87], [88], [93], [86] and trapezoidal channels and
comparison to the kinetic calculation. In the first section, the description of
the constant volume method and the experimental setup is provided. The
method is based on the measurement of the changes of the pressure in the
upstream and downstream containers during the gas flow process. The exper-
imental setup consists of a thermally insulated chamber containing the inlet
and outlet reservoirs, the microsystem, connecting facilities and pressure and
temperature sensors. The experiments are carried out under isothermal con-
ditions. In the forthcoming sections, the results are compared to the compu-
tational flow rates, which are obtained from the solution of the McCormack
kinetic model [45] and the application of the flow rate calculation developed

in the computational part of the thesis [90].

5.2 Definition of the problem

In the flow rate measurement, the gas of binary mixtures flows through mi-
crochannels. The channel axis lies in the z’ coordinate direction, while the
cross section is in the 2/, y’ coordinate sheet. The characteristic length of the
problem L¢ is chosen by as the height of the microchannel for rectangular
channels and the hydrodynamic diameter D), for other geometries. Dimen-
sionless coordinates are introduced by © = 2'/L¢e, y = y'/Le and z = 2/ / Le.

The channel is located between upstream A and downstream B reservoirs.
The gaseous mixture has two components a = 1,2. The pressures and the
concentrations of the gas in the reservoirs are denoted by P4, Pg and C4, C5.

The temperature is Ty in the reservoirs and the channel. The rarefaction
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degree of the gas is described by the rarefaction parameter such that

PLo

* = HO(CY

(5.1)
where P is the local pressure, ;(C) is the viscosity and v(C) = /2kTp/m
is the characteristic molecular speed. In addition, m = Cmy + (1 — C)my is
the average mass. Here, m; and msy are the masses of the components. The
flow may be classified by the inlet rarefaction parameter 64 as a reference
value. The average Knudsen number in the channel is introduced by Kng =

2/(64+0p). Under these conditions, we are interested in the molar flow rates
defined by

Ja:/ natl, dA’, (5.2)

where A’ denotes the cross section, n, is the molar density of component «

and u , is the axial velocity of component «. The total flow rate is defined

z

as J = J; + Jo.

5.3 The experimental approach

5.3.1 Experimental setup

The overall experimental setup, which was described in detail in Refs. [58],
[57], [87], is located in a thermally insulated plastic chamber kept at constant
temperature, as it is shown in Figure 5.1. Inside the chamber, there are up-
stream A and downstream B reservoirs with volumes V, = 1.708¢ — 4m?
and Vg = 1.685e — 4m3. The volumes are determined with an uncertainty
of £1.3%. The microsystem uS is placed between the two containers. The
reservoirs A and B can be connected to an external gas bottle G and a vac-
uum pump VP to clean the system. During the flow rate measurement, the

pressure inside each reservoir is measured by Inficon capacitance diaphragm
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Figure 5.1: The layout of the flow rate setup.

gauges (CDGO025D) and the flow rate is deduced from the pressure change
in the reservoirs. The accuracy of the pressure measurements by the capaci-
tance pressure gauges is +£0.2% of reading. In order to maintain isothermal
conditions, the interior part of the setup is thermally regulated by Peltier
modules, which allow maintaining constant temperature inside the setup.
The temperature is accurately measured during the operations with PT100
temperature sensors with 0.15K accuracy. Most of the setup is made of
stainless steel, aluminum or glass, and the connections are well-insured to
avoid any leakage during low pressure operation. Leakage has been checked
by means of helium detection, with a portable leak detector.

In the experiment, the flow rate is determined from the pressure variations
in the inlet and outlet reservoirs. However, for the actual measurement a
three-step process is applied by taking into account the effect of possible
leakage or outgassing. Initially, the gas circuit, including the reservoirs A,
B and the microchannels, in the interior part of the setup is filled up with
the gas mixture at the downstream pressure Pg. Then, valve V A2 is closed
and the possible leakage or outgassing flow rate J3 is measured in circuit B.
In the second step, reservoir A is filled up with the mixture at pressure Pjy.

After thermal regulation is reached, valve VA2 is opened, allowing the gas
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to flow through the microsystem. From the pressure variations in container
A and B, the flow rates are determined as J, and Jj. In the final step,
the overall circuit is filled up with the gas at the actual upstream pressure.
Then, valve V' B2 is closed and the possible leakage or outgassing flow rate
Jq is determined in circuit A. The leakage or outgassing flow rates are used
to correct the quantities J4 and J3 to yield J4 and Jp as the final flow
rates [87]. In all cases, the deviation between J4 and Jp is less then the
experimental uncertainty, which justifies the correctness of the measurement.

The experimental flow rate is then defined by J = (J4 + Jg)/2.

5.3.2 Determination of the flow rates

On the basis of the pressure variations in each reservoir, the flow rates can
be deduced as

dN 4 Vad (Pa
= —2=_f (2 5.3
Ta dt R, dt (TA)’ (5:3)
dNg Vg d (Pg
Jo=—==—— (=% 5.4
Boat Ry dt (TB> (5.4)

where ¢ is the time, R, = 8.3143J/(molK) is the global gas constant, N4
and Np are the amount of gas molecules in mol unit in the upstream and
downstream reservoirs, respectively, P4 and T4, Pp and Tpg the pressures
and temperatures in the reservoirs.

It is noticed that the definition of the flow rate is given in molar unit,
which is a useful choice for the measurement instead of the mass flow rate.
The molar (or particle) and mass flow rates are two different quantities. For
gaseous mixtures, the mass flow rate does not typify well the flow rate since
the masses of the components are different, and the actual concentration
of the gas portion flowing through the microsystem is not know [87]. The
difference between the two types of flow rates is explained in the following.

The mass flow rate dM /dt is commonly introduced in single gases. Since,

in general, M = N x m*, with m* denoting the average molecular mass of
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the particles flowing through the channel during the experiment, the mass
flow rate can be written by
= & (5.5)

where, R = k/m* is the specific gas constant with k& denoting the Boltz-
mann constant. For single component gases, the average mass m* is equal
to the molecular mass. However, for gaseous mixtures, m* can not be de-
fined, since it refers to that gas portion which has flowed through the channel
during the experiment. Because of the diffusion effects, that is the lighter
particle has larger velocity than the heavier one, the concentration of this
gas portion, denoted by C*, is different from the concentrations in the two
reservoirs (C'y and Cg) and it is not determined. In fact, this concentration
can be expressed as C* = J; /(J1 + J2) and then the average mass is obtained
by m* = C*my + (1 — C*)my. However, the component fluxes, J; and J,
and consequently m*, can not be determined from the present experimen-
tal approach. They are estimated only from the computational approach.
Therefore, the experimental results and the comparative study is based on
the molar and not on the mass flow rates.

From Egs. (5.3)-(5.4), the total molar flow rate through the channel can
be expressed by

dN4 Vi dPa dTla/Ta
Je — _ S ] ———AZA 5.6
4 dt R,Ty dt < dP, /PA) ’ (5.6)
dNg Vs dPg dI's/Tp
Booat R,Tw dt ( dPg /PB> (5:7)

High thermal stability is ensured by temperature-regulation in the system.
The relative temperature variation d1's p/T4 g is of the order of 4 x 10~ and

the relative pressure variation is dP4 p/Pap ~ 2 x 1072, As a consequence,
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Egs. (5.6)-(5.7) can be written as

Va
¢ =— 5.8
Ja RQTACLACA, ( )
7
JB = RgTBCLBCB, (59)

where asp = dP4p/dt is calculated from a least-square linear fit of the

upstream or downstream measured pressure

Pa(t) = aut + ba, (5.10)
PB(t) = ClBt + bB, (511)

and cap = 1—(dTa5/Tap)/(dPap/Pap) = 1£2%. The standard deviation
of coefficient a4 p is found to be less than 0.5%. To summarize, the overall

uncertainty of the flow rate measurement is calculated such that

AJS AV AT Aa Ac
eA,B _ 4 BTas  Aaap  Acap (5.12)
Jin Vv TA B aARB CA,B

and less than +(1.3 4+ 0.2 + 0.5+ 2)% = +4%.

5.3.3 Specification of microchannels

The microsytems consist of a series of parallel mirochannels connected to
the same inlet and the same outlet in order to increase the total flow rate
through the system and make the measurement more efficient. In the exper-
iments, flows through rectangular and trapezoidal microchannels are mea-
sured. The first rectangular microchannels (R1) have dimensions as height
H = 1.88 4 0.1um, width W = 21.2 £+ 0.3um and length L = 5mm ! The
bunch contains 45 parallel channels. The second rectangular channel (R2)

have dimensions H = 1.15um, width W = 21um and length L = 5mm.

Tt is noted that these experimental results are taken from J. Pitakarnnop’s PhD thesis

for the comparison for channel R1 [57].
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The bunch contains 380 parallel channels. The trapezoidal channel (T1) has
acute angle 54.74° and other dimensions, depth A = 1.90 + 0.013um, longer
base B = 5.38 & 0.019um and length L = 5mm. The microsystem con-
tains 400 parallel channels. The bunch of channels are prepared by etching
in silicon and covered by a glass plate made by anodic bonding. The ac-
commodation coefficient of the channels is very close to unity. In fact, the
accommodation coefficients on the silicon and glass surfaces may not be the
same exactly. However, the diffuse reflection boundary condition is adequate
for these channels, as it was confirmed in Refs. [58] and also [87]. Hence,
in the present work, the diffuse reflection boundary condition is used for all

flow configurations.

5.4 Kinetic calculation of the flow rates

The calculation is rest on the methodology developed in section 3.6.4. The
deduction of the flow rates is divided into two parts. First, the kinetic co-
efficients are determined for a wide range of the gas rarefaction and the
concentration for the particular mixture by solving the McCormack model
[54], [90]. The realistic potential is used in all calculation [35] and Appendix
A.1. It is mentioned that the kinetic coefficients provided by the realistic
potential or the hard-sphere molecular system are different. A discussion
on the effect of the two different interactions may be found in Ref. [53] for
flows between two parallel plates. It was verified that the App coefficient is
nearly the same, but there could be some differences between the values of
the coefficients Acp, Acc provided by the two potentials. Since the realistic
potential is derived from experimental measurements, that is the suitable
choice, which takes into account the transports in the gaseous mixture well,
and, consequently, used in the present work. For the rectangular channels,

the height Lo = H, while for the trapezoidal channels, the hydrodynamic
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diameter Lo = Dy, is chosen as the characteristic length.

In the second step, the flow rates are calculated by using the expressions
of Egs. (3.144)-(3.147). However, in the present case, the molar flow rates
are deduced. The corresponding equations for the molar flow rates are given

by

7o PALc "
YT L
OP 1 oC 1
{(CAPP + (1= C)Acr) =5 + (CApe + (1 = C)Ace) 52 51 ,
(5.13)
_ PAL¢
2= muvL 8
0P 1 oC 1
(1-0) [(APP — Acp) 92 P + (Apc — Acc) 551 , (5.14)

where 2 = 2//L is the dimensionless coordinate along the channel axis. In
these equations, the kinetic coefficients depend on the rarefaction parameter,
which is determined from the local pressure and the experimental viscosity.
The procedure of deducing the viscosity function is described in Appendix
A.2. Equations (5.13) and (5.14) are supplemented by the boundary condi-

tion

P(0) = Py, P(1) = Pp, (5.15)
C(0)=Cu, C(1) = Cp. (5.16)

In the experiments, these boundary conditions are justified by the fact that
the volume of the upstream and downstream containers are significantly
larger than the volume of the microsystem, and the pressure variation in
the containers is sufficiently small. Consequently, the variation of the pres-
sure and the concentration can be neglected during the experiment. Egs.
(5.13)-(5.16) are solved with the same numerical treatment and parameters

as described in section 3.6.4.
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5.5 Comparative study for binary gas flows in

rectangular and trapezoidal channels

5.5.1 Flow rates for channel R1

Computational and experimental results are provided for the flow of He/Ar
gaseous mixture through the rectangular microchannels R1. The molar
masses of the components of the mixture are mpy, = 4.003g/mol and my, =
39.95g/mol. The reference concentration Cy of the gas mixture takes the
following values C'y = [0.0,0.1017,0.3012,0.5010,0.7019,0.9014, 1.0], which
includes the single gas cases He C'4 = 1 and Ar C} = 0 as well. These val-
ues cover the whole range of the concentration interval. For these cases, the
concentration uncertainty is [0, 0.002, £0.006, +0.01, +0.006, +0.002, 0], re-
spectively. The effect of the uncertainty of the concentration is checked on
the flow rates, and it is less than +0.5%. The temperature is T' = 298.5K.
Two values of the outlet pressure Pg ~ 15kPa and Pg ~ 2k Pa are considered
in the experiment, while the pressure ratio is in the range of P4/Pp =3 —T.

Table 5.1 and 5.2 show the experimental and computational flow rates
together with the flow parameters for Pg ~ 15kPa and Pg ~ 2kPa, respec-
tively, at different values of the inlet concentration and pressure ratio. For the
case R1, the exact downstream pressures can be found in Ref. [57], but they
are nearly 15kPa and 2k Pa. It is noted that the flow rate through one single
channel is shown. In the first table, the columns from the first one to the last
one contain the pressure ratio, the average Knudsen number, the computed
flow rate of the first component .J;, the corresponding flow rate for the sec-
ond component J,, the total computational flow rate J, the experimental flow
rate J¢ and the deviation between the computational and experimental flow
rates A = 100(J — J¢)/J. In the second table, two additional columns, the
seventh and eights, present the experimental uncertainties, A4 and Ag, for

the J4 and Jj flow rates. In the case of the lower outlet pressure, there was
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Table 5.1: Flow rates for He/Ar mixture at different values of the concen-
tration and pressure ratio at Pg ~ 15kPa through channels R1.

P,/Pg Kng  Ji(mol/s)  Ja(mol/s)  J(mol/s)  J(mol/s) A
Cy=0.0

3.06 0.175  0.00 7.57e-11 7.57e-11 7.28e-11 3.82
4.06 0.165 0.00 1.26e-10 1.26e-10 1.21e-10 3.50
5.06 0.159  0.00 1.86e-10 1.86e-10 1.79e-10 3.29
6.01 0.154  0.00 2.51e-10 2.51e-10 2.43e-10 3.34
7.00 0.151  0.00 3.28e-10 3.28e-10 3.13e-10 4.67
CA ~ 0.1

3.03 0.197  8.80e-12 6.70e-11 7.58e-11 7.56e-11 0.23
4.08 0.184 1.42e-11 1.14e-10 1.29e-10 1.29e-10 -0.77
5.04 0.178  1.99e-11 1.65e-10 1.85e-10 1.94e-10 -5.03
6.01 0.173  2.64e-11 2.23e-10 2.50e-10 2.49e-10 0.15
7.04 0.169  3.44e-11 2.94e-10 3.28e-10 3.26e-10 0.50
CA ~ 0.3

3.04 0.225  2.8%5e-11 5.62e-11 8.48e-11 8.38e-11 1.15
4.02 0.212  4.39e-11 9.20e-11 1.36e-10 1.36e-10 0.19
5.03 0.203 6.27e-11 1.35e-10 1.98e-10 2.00e-10 -0.80
6.04 0.197  8.37e-11 1.84e-10 2.68e-10 2.70e-10 -0.50
7.00 0.194 1.06e-10 2.37e-10 3.43e-10 3.42e-10 0.24
CA ~ 0.5

3.10 0.262  5.40e-11 4.54e-11 9.93e-11 9.80e-11 1.54
4.09 0.246  8.28e-11 7.42e-11 1.57e-10 1.59e-10 -0.84
5.05 0.237  1.14e-10 1.05e-10 2.20e-10 2.16e-10 1.59
6.02 0.231 1.51e-10 1.41e-10 2.92¢-10 2.90e-10 0.69
7.00 0.226 1.91e-10 1.82e-10 3.73e-10 3.73e-10 0.05
CA ~ 0.7

3.05 0.309  8.49e-11 3.02e-11 1.15e-10 1.07e-10 6.75
4.03 0.291 1.31e-10 4.91e-11 1.80e-10 1.73e-10 3.99
5.02 0.280  1.82e-10 7.11le-11 2.53e-10 2.39¢-10 5.38
5.98 0.272  2.38e-10 9.45e-11 3.32e-10 3.15e-10 5.30
7.01 0.267  3.03e-10 1.22e-10 4.25e-10 4.09e-10 3.81
CA ~0.9

2.99 0.402  1.28e-10 1.16e-11 1.40e-10 1.38e-10 1.22
4.04 0.376  2.05e-10 1.97e-11 2.24e-10 2.23e-10 0.79
5.03 0.361  2.85e-10 2.83e-11 3.13e-10 3.11e-10 0.57
6.09 0.351  3.79e-10 3.87e-11 4.18e-10 4.17e-10 0.04
6.96 0.345 4.63e-10 4.78e-11 5.11e-10 5.09e-10 0.45
Ch=1.0

3.03 0.511 1.65e-10 0.00 1.65e-10 1.68e-10 -2.20
4.00 0.481  2.55e-10 0.00 2.55e-10 2.57e-10 -0.94
5.01 0.461  3.58e-10 0.00 3.58e-10 3.65e-10 -1.93
6.01 0.449  4.70e-10 0.00 4.70e-10 4.77e-10 -1.44
6.94 0.440  5.83e-10 0.00 5.83e-10 6.00e-10 -2.82
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Table 5.2: Flow rates for He/Ar mixture at different values of the concen-
tration and pressure ratio at Pg ~ 2kPa through channels R1.

Py/Pg Kng Ji(mol/s) Ja(mol/s) J(mol/s) J(mol/s) Aa Ap A

Cx=0.0

3.10 1.31 0.00 6.56e-12 6.56e-12  6.51e-12 9.67 9.58 0.82
4.02 1.26 0.00 9.31e-12 9.31e-12  8.86e-12 8.59 8.56 4.78
4.79 1.18 0.00 1.22e-11 1.22e-11  1.20e-11 7.30 7.76 1.89
5.96 1.17 0.00 1.59e-11 1.59e-11  1.51e-11 6.84 7.50 4.73
6.61 1.11  0.00 1.89%e-11 1.8%-11  1.83e-11 6.03 6.55 2.99
CA ~ 0.1

3.02 1.48 1.47e-12 5.85e-12 7.32e-12  6.96e-12 9.24 9.14 4.94
3.96 1.39 2.05e-12 8.68e-12 1.07e-11  1.03e-11 7.42 7.22 3.52
5.21 1.32  2.73e-12 1.25e-11 1.52e-11  1.44e-11 5.95 7.09 5.55
6.08 1.29 3.18e-12 1.53e-11 1.85e-11  1.78e-11 5.40 5.88 3.78
6.62 1.28 3.44e-12 1.71e-11 2.05e-11  1.97e-11 5.50 6.25 4.15
CA ~ 0.3

3.07 1.68  4.76e-12 5.00e-12 9.76e-12  8.82e-12 7.90 8.33 9.57
4.03 1.58 6.67e-12 7.44e-12 1.41e-11  1.27e-11 6.44 6.95 9.71
5.00 1.52  8.43e-12 9.98e-12 1.84e-11  1.75e-11 5.75 5.60 5.07
5.94 1.50 9.94e-12 1.24e-11 2.23e-11  2.12e-11 5.39 5.53 5.03
6.67 1.45 1.13e-11 1.47e-11 2.60e-11  2.40e-11 5.19 5.83 7.55
CA ~ 0.5

3.03 1.97 8.38e-12 3.78e-12 1.22e-11  1.13e-11 6.12 6.35 6.72
4.06 1.85 1.21e-11 5.80e-12 1.79e-11  1.66e-11 5.20 5.66 7.02
5.03 1.78 1.54e-11 7.81e-12 2.32e-11  2.11e-11 4.80 5.27 8.99
5.91 1.73  1.82e-11 9.72e-12 2.79-11  2.54e-11 4.67 5.11 9.23
6.42 1.71 1.98e-11 1.09e-11 3.07e-11  2.83e-11 4.71 492 7.70
CA ~ 0.7

3.06 2.32  1.29e-11 2.50e-12 1.54e-11  1.41e-11 5.63 5.78 8.44
3.94 2.20 1.78e-11 3.67e-12 2.15e-11  2.00e-11 4.92 522 6.59
5.42 2.07 2.58e-11 5.77e-12 3.16e-11  2.90e-11 4.59 4.95 8.19
5.87 2.05 2.8le-11 6.43e-12 3.46e-11  3.13e-11 4.50 4.89 9.57
6.33 2.03 3.05e-11 7.15e-12 3.77e-11  3.41e-11 4.46 4.83 9.44
CA ~ 0.9

3.01 3.01 1.78e-11 8.97e-13 1.87e-11  1.80e-11 5.47 5.53 3.50
3.95 2.83 2.56e-11 1.37e-12 2.70e-11  2.60e-11 4.86 5.056 3.65
5.20 2.70 3.56e-11 2.06e-12 3.77e-11  3.56e-11 4.66 5.18 5.46
5.88 2.64 4.11le-11 2.46e-12 4.35e-11  4.08e-11 443 4.74 6.26
6.31 2.62 4.4be-11 2.71e-12 4.72e-11  4.53e-11 4.27 4.61 3.95
Ch=1.0

3.12 3.95 2.12e-11 0.00 2.12e-11  1.95e-11 6.63 6.44 8.29
3.92 3.61 2.99%e-11 0.00 2.99e-11  2.77e-11 5.08 5.96 7.24
4.97 3.44  4.04e-11 0.00 4.04e-11  3.82¢-11 5.05 5.34 5.39
5.83 3.40 4.83e-11 0.00 4.83e-11  4.62e-11 4.83 5.02 4.22
6.81 3.34 5.76e-11 0.00 5.76e-11  5.4be-11 4.52 492 543
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non-negligible leakage or outgassing flow rate, which effects the experimental
error [58], [87].

It can be concluded that the average Knudsen number is within the range
of 0.151 — 0.511 and 1.11 — 3.95 in the first and second tables. In addition,
the flow rate is about one order of magnitude larger at higher outlet pres-
sures. The reason of this behavior is that the gas is more dense at higher
pressures, which results into the larger flow rate. The discrepancy between
the computational and experimental results A in Table 5.1 varies between
—5.03% and 6.75% with an average value of 1.03%, while in Table 5.2 it
is between 0.82% and 9.71% with the average value of 5.98%. It can be
seen that the deviation A is generally much smaller for larger outlet pres-
sure. For Pg ~ 15kPa, A is almost within the range of the experimental
uncertainty +£4%, however, for Pg ~ 2kPa, the discrepancy can exceed the
level of the corresponding experimental uncertainties. This suggests that the
agreement between the computational and experimental results is better at
smaller Knudsen numbers. This is explained by the fact that the rarefac-
tion effects are less important at higher pressures. As a consequence, the
behaviour of the gas is more close to hydrodynamics. In the zero Knudsen
number limit, the McCormack model results into a hydrodynamic description
with the correct transport coefficients obtained from the realistic potential.
In this case, good agreement is expected between theory and experiment. At
smaller pressures, the flow is affected by rarefaction effects more significantly,
which can results into the slight mismatch between the computational and
experimental results. However, the overall agreement between the experi-
mental and computational results are considered as very good. It can be
seen that the flow rates increase with increasing pressure drop. In addition,
the flow rate is larger at larger He concentration. This behavior is explained

by the larger molecular speed for the lighter component.
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Figure 5.2: Distributions of the pressure (up) and concentration (down)
for He/Ar mixture with Cy = 0.5010 along the axis of the channel for
Pp ~ 15kPa (right) and Pg ~ 2kPa (left) for channel R1. The symbols
A,A,0, m,0 represent the results for Py/Pp = [3.01,4.09,5.04,6.02, 7.00] and
[3.03,4.06, 5.03,5.91, 6.42] for the larger and smaller outlet pressures, respec-
tively.

5.5.2 Distribution of macroscopic quantities for R1

The pressure and concentration distributions along the axis of the channel are
also computed by solving the McCormack model. The typical distributions of
these quantities are shown in Figure 5.2. The flow parameters correspond the
data in Tables 5.1 and 5.2 for the case C'4 = 0.5 and outlet pressures Pg ~
15k Pa and Pp ~ 2kPa, respectively. The distributions for the five different

values of the pressure ratio are plotted. The pressure profiles for the larger
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outlet pressure are non-linear, which is caused by the compression effects on
the dimensionless flow rates. The pressure starts at the value P(0) at the inlet
of the channel then reaches the outlet value P(1) at the outlet of the channel.
The corresponding pressure for the smaller outlet pressure has a more linear
character. This feature is caused by the fact that the dimensionless flow rate
becomes independent of the rarefaction as approaching the free molecular
limit. It can be seen that the corresponding concentration profiles are non-
uniform, and there is a significant concentration variation, which can be
as large as 10%, along the axis of the channel. It can be seen that the
variation increases with increasing pressure drop and it is generally larger for
the more rarefied atmosphere. These features are justified by the fact that
the gas separation is intensified with larger pressure drop and larger Knudsen

number.

5.5.3 Flow rates for channel R2

Flow rate results are presented for He/Ar and He/Kr gaseous mixtures
through the rectangular microchannels R2. The masses of the species of the
He/Kr mixture are mpg. = 4.003g/mol and my, = 39.95g/mol. The refer-
ence concentration of the He/Ar mixtures is the same as for the experiments
for channels R1. The concentration for the He/Kr mixture is C4 = 0.501.
The uncertainty of the concentration is £0.01. The temperature in the ex-
periments is T' = 299.2K. Experiments have been performed at downstream
pressures Pg ~ 15.2kPa, Pg ~ 8kPa and Pg ~ 4.1kPa. In the latter case,
only single gases are considered. The pressure ratio is in the range of 3 — 7
for Pg ~ 15.2kPa and 4 — 7 for Pg ~ 8kPa, Pg ~ 4.1k Pa, respectively.
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Table 5.3: Flow rates for He/Ar at different values of the concentration as
the function of the pressure ratio at Pg ~ 15.2kPa through channels R2.

P4(kPa) Pg(kPa) Pa/Pg Kng JS(mol/s) Jg(mol/s) J¢(mol/s)

A J(mol/s) A

Cx=0.0

45908 15200 3.02 0.23 2.26e-11  2.24e-11  2.25e-11  -1.02 2.25e-11 -0.03
59198 15200 3.89 0.19 3.60e-11  3.47e-11  3.53e-11  -3.69 3.46e-11 -2.12
73582 15200 4.84 0.16 4.91e-11  4.88e-11  4.89e-11  -0.45 4.94e-11 0.86
89571 15200 5.89 0.13 7.18e-11  6.94e-11  7.06e-11  -3.45 6.79e-11 -3.94
104238 15200 6.86 0.12 8.95e-11  8.89e-11  8.92e-11  -0.62 8.69e-11 -2.65
CA ~ 0.1

45809 15201 3.01 0.24 2.40e-11  2.34e-11  2.37e-11  -2.84 2.40e-11 1.31
59232 15200 3.90 0.20 3.71e-11  3.75e-11  3.73e-11 1.01 3.68e-11 -1.56
73603 15200 4.84 0.17 5.13e-11  5.12e-11  5.13e-11  -0.06 5.20e-11  1.47
89424 15199 5.88 0.14 7.26e-11  7.09e-11  7.17e-11  -2.52 7.08e-11 -1.26
104225 15202 6.86 0.12 9.33e-11  9.27e-11  9.30e-11  -0.67 9.04e-11 -2.82
CA ~ 0.3

44327 15199 2.92 0.28 2.59e-11  2.54e-11  2.56e-11  -2.27 2.63e-11  2.62
59292 15200 3.90 0.23 4.36e-11  4.21e-11  4.28e-11 -3.43 4.19e-11 -2.27
74553 15200 4.90 0.19 6.19e-11  6.17e-11  6.18e-11  -0.28 5.95e-11 -3.88
89629 15200 5.90 0.16 8.17e-11  7.90e-11  8.03e-11  -3.43 7.87e-11 -2.12
104034 15200 6.84 0.14 9.84e-11  9.82e-11  9.83e-11  -0.22 9.88e-11  0.47
CA ~ 0.5

45217 15200 2.97 0.33 3.13e-11  3.06e-11  3.09e-11  -2.51 3.22¢-11  3.93
60197 15201 3.96 0.26 4.86e-11  4.78e-11  4.82e-11  -1.81 4.98e-11  3.23
74279 15201 4.89 0.22 6.59e-11  6.60e-11  6.60e-11 0.27 6.79e-11  2.90
89125 15200 5.86 0.19 9.00e-11  8.90e-11  8.95e-11 -1.13 8.86e-11 -1.09
104034 15200 6.84 0.16 1.13e-10 1.11e-10  1.12¢-10 -1.26 1.11e-10 -0.80
CA ~ 0.7

45823 15200 3.01 0.39 3.92e-11  3.79e-11  3.85e-11  -3.36 4.00e-11  3.72
59504 15200 3.91 0.32 5.82e-11  5.67e-11  5.74e-11  -2.61 5.89e-11 2.53
74071 15200 4.87 0.27 797e-11  7.80e-11  7.89e-11  -2.11 8.05e-11  1.99
89356 15200 5.88 0.23 1.02e-10  1.00e-10  1.0le-10 -1.63 1.05e-10 3.72
104103 15200 6.85 0.20 1.30e-10  1.27e-10  1.29e-10 -2.57 1.30e-10 1.05
CA ~0.9

45671 15199 3.00 0.51 4.95e-11  4.77e-11  4.86e-11  -3.74 5.05e-11  3.80
59550 15200 3.92 0.42 7.22e-11  7.21e-11  7.22e-11  -0.18 7.47e-11  3.35
74267 15199 4.89 0.35 1.03e-10  1.00e-10  1.02e-10 -2.67 1.02e-10 0.20
90106 15200 5.93 0.29 1.37e-10 1.37e-10  1.37e-10 -0.52 1.33e-10 -3.27
104329 15201 6.86 0.26 1.65e-10 1.61e-10 1.63e-10 -2.63 1.62e-10 -0.19
Ch=1.0

45673 15200 3.00 0.64 5.68e-11  5.73e-11  5.71le-11 0.87 5.81e-11  1.79
59241 15200 3.90 0.52 8.8%9e-11  8.60e-11  8.75e-11  -3.35 8.58e-11 -1.99
74048 15200 4.87 0.43 1.20e-10  1.19e-10  1.20e-10 -1.29 1.18e-10 -1.67
89282 15200 5.87 0.37 1.60e-10  1.54e-10  1.57e-10 -3.67 1.52e-10 -3.07
103915 15200 6.84 0.33 1.96e-10  1.90e-10  1.93e-10 -2.91 1.88e-10 -2.86
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Table 5.4: Flow rates for He/Kr at C4 = 0.5010 as the function of the
pressure ratio at Pg ~ 15.2kPa through channels R2.

P4(kPa) Pg(kPa) Pa/Pg Kng J5(mol/s) Jg(mol/s) J¢(mol/s) A® J(mol/s) A

CA ~ 0.5

45278 15199 2.98 0.26 2.60e-11  2.52e-11  2.56e-11  -3.08 2.64e-11  3.19
99797 15200 3.93 0.21 4.07e-11  4.05e-11  4.06e-11  -0.59 4.04e-11 -0.44
73618 15204 484  0.18 5.70e-11  5.51le-11  5.60e-11  -3.56 5.47e-11 -2.40
87696 15201 5.77  0.15 7.29e-11  7.07e-11  7.18e-11 -3.03 7.05e-11 -1.83
104033 15200 6.84  0.13 9.42e-11  9.11e-11  9.27e-11  -3.46 9.08e-11 -2.02

Tables 5.3, 5.4, 5.5, 5.6 and 5.7 present the experimental and numerical
results and the flow parameters for the three outlet pressures. In the tables,
the columns from the first one to the last one present the exact inlet and
outlet pressures, the pressure ratio, the average Knudsen number, the J§
and Jg flow rates, the experimental flow rate, the deviation between J%
and J§, defined by A, = (1 — J5/J5), the computational flow rate, and the
discrepancy between the computational and experimental flow rates A =
100(J — J9)/J.

It can be seen in Tables 5.3, 5.4 and 5.5, 5.6 that the average Knud-
sen number is in the range of 0.12 — 0.64 and 0.22 — 0.98 for downstream
pressures Pg ~ 15.2kPa and P ~ 8kPa, respectively. The leakage or out-
gassing flow rate is negligible; as a result, the experimental uncertainty is
+4%. In all cases, the discrepancy between the upstream and downstream
flow rates is within the range of the experimental error, which justifies the
good performance of the experiment. The deviation between the numerical
and experimental results is less than the experimental uncertainty for both
outlet pressures. This can be considered as a very good agreement between
the two approaches. The agreement is even better than in the case of the ex-
periments for channels R1. The better agreement is caused by the subsequent
improvement of the experimental facility, which consists of the replacement
of the connecting facility of the microchannels. In previous experiments for

channels R1, the microchannels were placed between two plastic plates, which
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Table 5.5: Flow rates for He/Ar at different values of the concentration as
the function of the pressure ratio at Pg ~ 8kPa through channels R2.

P4(kPa) Pg(kPa) Pa/Pg Kng J5(mol/s) Jg(mol/s) J¢(mol/s) A® J(mol/s) A

Cys =00

31822 8000 3.98 0.35 1.57e-11  1.62e-11  1.60e-11  3.14 1.56e-11  2.23
40113 8000 5.01 0.29 2.26e-11  2.29e-11  2.27e-11 1.44 2.20e-11 -3.17
47964 8000 6.00 0.25 3.00e-11  2.95e-11  2.97e-11 -1.80 2.86e-11 -3.88
55969 8002 6.99 0.22 3.52e-11  3.39e-11  3.46e-11 -3.78 3.59e-11  3.55

Cs~0.1

31989 8000 4.00 037 1.70e-11  1.65e-11  1.67e-11 -3.04 1.72e-11 2.85
40346 8000 5.04  0.31 2.46e-11 2.42e-11  2.44e-11 -1.76 2.41e-11 -1.55
47949 8000 5.99  0.27 3.10e-11  3.06e-11  3.08e-11 -1.48 3.07e-11 -0.20
56125 8000 7.02  0.23 3.91le-11  3.84e-11  3.87e-11 -1.86 3.84e-11 -0.85

CA ~ 0.3

31977 8000 4.00 042 2.05e-11  2.00e-11  2.02e-11  -2.76 2.07e-11  2.10
40290 8000 5.04  0.35 2.79e-11  2.82e-11  2.8le-11 1.26 2.83e-11 1.00
47968 8000 6.00  0.30 3.52e-11  3.40e-11  3.46e-11 -3.28 3.58e-11  3.23
56000 8000 7.00 0.26 4.50e-11  4.35e-11  4.38e-11  -3.34 4.39e-11 0.41

C4s~0.5

31781 7997 3.97  0.49 2.53e-11  2.46e-11  2.49e-11  -3.11 2.49e-11 -0.18
40109 8000 5.01 0.41 3.30e-11  3.19e-11  3.25e-11  -3.52 3.38e-11  3.85
47854 8000 5.98  0.35 4.10e-11  4.06e-11  4.08e-11  -1.04 4.24e-11  3.70
55934 8000 6.99  0.31 5.04e-11 4.97e-11  5.0le-11 -1.32 5.16e-11 2.84

CA ~ 0.7

31909 8000 3.99 0.60 3.07e-11  3.00e-11  3.02e-11  -2.58 3.11e-11  2.70
40266 8001 5.03 0.49 4.08e-11  3.93e-11  4.0le-11 -3.97 4.17e-11  3.95
48003 8000 6.00 0.42 5.10e-11  4.98e-11  5.04e-11  -2.38 5.20e-11  2.96
55984 8000 7.00 0.37 6.22e-11  6.02e-11  6.12e-11  -3.21 6.28e-11  2.64

C4~0.9

31947 8000 3.99  0.78 3.92e-11  3.80e-11  3.86e-11  -3.18 3.95e-11  2.22
40176 8000 5.02  0.64 5.35e-11 5.19e-11  5.27e-11  -3.15 5.39e-11  2.29
47888 8000 5.99  0.56 6.62e-11 6.54e-11  6.58e-11  -1.25 6.59e-11  0.17
55820 8000 6.98 049 7.7le-11 7.8le-11  7.76e-11 1.17 7.96e-11  2.55

Csh=1.0

31691 8000 3.96 0.98 4.47e-11  4.37e-11  4.42e-11  -2.19 4.46e-11  0.86
40047 8000 5.01 0.81 6.32e-11  6.24e-11  6.28e-11  -1.36 6.07e-11 -3.50
47739 8000 5.97  0.70 7.64e-11  7.68e-11  7.66e-11  0.50 7.59e-11 -0.91
55917 8000 6.99  0.61 9.36e-11  9.69e-11  9.53e-11  3.43 9.25e-11 -3.00

have been replaced by metal plates. In addition, the previous plastic con-
necting pipes have also been replaced by metal pipes. The new connection
is made by Swagelok Ultra-Torr components. By using the improved con-
nection facility, a better insulation has been reached. On the basis of the

experiments for channels R2, it can be concluded that the flow rate is larger
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Table 5.6: Flow rates for He/Kr at C4 = 0.5010 as the function of the
pressure ratio at Pg ~ 8kPa through channels R2.

P4(kPa) Pg(kPa) Pa/Pg Kng J5(mol/s) Jg(mol/s) J¢(mol/s) A® J(mol/s) A

CA ~ 0.5

31914 8000 3.99 0.40 2.06e-11  2.11e-11  2.08e-11  2.40 2.07e-11 -0.54
40232 8000 5.03 0.33 2.74e-11  2.64e-11  2.69e-11  -3.67 2.78e-11 3.27
48055 8000 6.01 0.28 3.43e-11  3.32e-11  3.37e-11  -3.40 3.48e-11 3.02
55928 8000 6.99 0.25 4.27e-11  4.30e-11  4.28e-11  0.67 4.20e-11 -2.03

Table 5.7: Flow rates of He and Ar gases as the function of the pressure
ratio at Pg ~ 4.1k Pa through rectangular channels R2.

P4(kPa) Pg(kPa) Pa/Pg Kng J5(mol/s) J5(mol/s) J¢(mol/s) A® J(mol/s) A

He

16572 4100 4.04 1.88 2.39e-11  2.37e-11  2.38e-11 -1.16 2.40e-11  0.99
20431 4100 4.98 1.58 3.05e-11  3.03e-11  3.04e-11  -0.71 3.12e-11  2.48
24281 4100 5.92 1.37 3.77e-11  3.62e-11  3.70e-11  -3.96 3.84e-11 3.73
28400 4100 6.93 1.19 4.59e-11  4.44e-11  4.52e-11 -3.23 4.62e-11 2.17

Ar

16738 4100 4.08  0.67 7.29e-12  7.49e-12  7.39e-12  2.56 7.61e-12  2.88
20691 4100 5.05 0.57 1.03e-11  1.05e-11  1.04e-11  2.68 1.01le-11 -2.45
24527 4100 5.98 0.49 1.27e-11  1.31le-11  1.29e-11  2.90 1.27e-11 -1.30
28910 4100 7.05 0.43 1.61le-11 1.61le-11  1.61le-11  0.11 1.58e-11 -2.30

at larger pressure drops and increases with increasing He concentration. It
can also be seen that the He/Kr mixture has smaller flow rate at the same
concentration C'y = 0.501 than that of the He/Ar mixture. This feature is
explained by the larger average mass of the He/Kr mixture.

Table 5.7 shows the results for single gases He and Ar for Pg ~ 4.1kPa.
The average Knudsen number is in the range of 0.43 — 1.88. Again, it can be
seen that the difference between the inlet and outlet flow rates is less than
the experimental uncertainty +4%. This justifies that possible outgassing
or leakage flow rates are taken into account well. The deviation between
the experimental and kinetic flow rates is smaller than the experimental
uncertainty. Hence, a very good agreement between the experimental and

numerical results is obtained.

155



P/Pg
PIPg

z/L z/L
0.55 T T T T 0.55

0.5

O 045

04 r 1 04 r

0.35 - - - - 0.35

z’/L z’/L

Figure 5.3: Distributions of the pressure (up) and the concentration (down)
for He/Ar (left) and He/Kr (right) mixtures with Cy = 0.5010 along
the axis of the channel at Pg ~ 15.2kPa for channels R2. The symbols
A,A,0, m,0 represent the results for Py/Pp = [2.97,3.96,4.89,5.86, 6.84] and
2.98,3.93,4.84,5.77,6.84] for the He/Ar and He/Kr mixtures, respectively.

5.5.4 Distribution of macroscopic quantities for R2

Figures 5.3 and 5.4 show the typical profiles of the pressure and the con-
centration along the axis of the channel for He/Ar and He/Kr mixtures,
respectively, at C'4 = 0.501. It is concluded that at higher outlet pressure
the pressure profiles have non-linear character, while at smaller outlet pres-
sure, they are nearly linear functions of the axial coordinate. This is again

explained by the different effects of the compressibility and the rarefaction
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Figure 5.4: Distributions of the pressure (up) and the concentration (down)
for He/Ar (left) and He/Kr (right) mixtures with Cy = 0.5010 along
the axis of the channel at Pg =~ 8kPa for channels R2. The sym-
bols A,A,0, m represent the results for Py/Pp = [3.97,5.01,5.98,6.99] and
[3.99,5.03,6.01,6.99] for the He/Ar and He/Kr mixtures, respectively.

on the flow rate. The concentration profiles are non-uniform and exhibit a
drop of the concentration in the second half of the channel. This is the di-
rect evidence of the gas separation in the microchannel. The non-uniformity
of the concentration increases with increasing pressure drop. In addition,
it can be concluded that the concentration drop is larger for smaller outlet
pressure and for the He/Kr mixture, which has larger molecular mass ratio.
The separation is stronger in a gas mixture, which has gas components with

larger mass ratio.
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5.5.5 Flow rates for channel T1

Experiments have been carried out in order to measure the flow rate through
the T1 trapezoidal channels as well. The experiment is performed in the same
scenario as in the case of channels R2. The measurement refers to He/Ar
and He/Kr mixtures with the same concentrations as for channels R2. The
temperature is fixed at T' = 299.5 K. Two values of the downstream pressure
Pg ~ 15.1kPa and Pg ~ 8.05kPa are investigated. The pressure ratios are
in the range of 3 — 7 and 4 — 7 for the larger and smaller outlet pressures.

In Tables 5.8, 5.9 and 5.10, 5.11, the measured and computed flow rates
together with the relevant flow parameters are tabulated for the larger and
smaller downstream pressures, respectively. The columns from the firs to the
last one present the exact upstream and downstream pressures, the pressure
ratio, the average Knudsen number, the J4 and J§ experimental flow rates,
the final experimental flow rate, the deviation between J§ and J§ defined by
A, = (1 —J5/J5), the computed flow rate, and the deviation between the
computational and experimental flow rates A = 100(J — J¢)/J.

The average Knudsen numbers are in the range of 0.05 —0.30 and 0.11 —
0.36 for the larger and smaller outlet pressures. The Knudsen number is a
bit smaller than in the case of channels R2. However, in the present situa-
tion, the definition of the rarefaction parameter and Knudsen number is rest
on the hydrodynamic diameter of the trapezoidal channel, while, in the case
of the rectangular duct, they are based on the height of the channel. The
experimental uncertainty is in the range of 4% for all cases. The difference
between J§ and Jj is less than the experimental uncertainty; hence, the pos-
sible leakage or outgassing effects are taken into account well. The difference
between the experimental and numerical results are also less than the ex-
perimental uncertainty, which indicates a very good agreement between the
two approaches. It can be seen that the flow rates increase with increasing

concentration, which is caused by the larger molecular velocity of the lighter
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Table 5.8: Flow rates for He/Ar at different values of the concentration as
the function of the pressure ratio at Pg ~ 15.1kPa through channels T1.

P4(kPa) Pg(kPa) Pa/Pg Kng JS(mol/s) Jg(mol/s) J¢(mol/s)

A J(mol/s) A

Cx=0.0

45355 15100 3.00 0.11 1.0le-11  1.02e-11  1.02e-11 1.22 1.01e-11 -0.35
59422 15100 3.94 0.09 1.67e-11  1.65e-11  1.66e-11 -1.41 1.64e-11 -1.35
74977 15100 4.97 0.07 2.52e-11  2.46e-11  2.49e-11  -2.45 2.45e-11 -1.75
90110 15100 5.97 0.06 3.44e-11  3.35e-11  3.39e-11  -2.63 3.36e-11 -0.90
105010 15100 6.95 0.05 4.37e-11  4.44e-11 4.41e-11 1.66 4.38e-11 -0.67
CA ~ 0.1

45328 15100 3.00 0.12 1.05e-11  1.03e-11  1.04e-11 -2.16 1.06e-11  2.37
59944 15100 3.97 0.09 1.75e-11  1.78e-11  1.76e-11 1.64 1.74e-11 -1.58
74994 15100 4.97 0.08 2.52e-11  2.59e-11  2.56e-11 2.59 2.54e-11 -0.73
90439 15100 5.99 0.07 3.49e-11  3.54e-11  3.51le-11 1.61 3.48e-11 -0.93
105938 15100 7.02 0.06 4.72e-11  4.65e-11  4.69e-11  -1.50 4.53e-11 -3.47
CA ~ 0.3

45340 15100 3.00 0.13 1.15e-11  1.16e-11  1.15e-11 0.76 1.19e-11  2.88
59885 15100 3.97 0.11 1.86e-11  1.87e-11  1.86e-11 0.52 1.90e-11  2.05
74925 15100 4.96 0.09 2.83e-11  2.79e-11  2.81e-11 -1.38 2.75e-11 -2.41
90251 15100 5.98 0.08 3.84e-11  3.73e-11  3.79e-11  -2.96 3.73e-11 -1.64
105761 15100 7.00 0.07 4.94e-11  4.89e-11  4.91e-11  -1.07 4.85e-11 -1.27
CA ~ 0.5

45200 15100 2.99 0.15 1.41e-11  1.38e-11  1.40e-11  -2.52 1.36e-11 -2.49
59840 15100 3.96 0.12 2.15e-11  2.07e-11  2.11e-11  -3.79 2.15e-11 1.89
74731 15100 4.95 0.10 3.15e-11  3.05e-11  3.10e-11  -3.23 3.06e-11 -1.12
90368 15100 5.98 0.09 4.10e-11  4.08e-11  4.09e-11  -0.39 4.13e-11  1.06
105126 15100 6.96 0.08 5.24e-11  5.19e-11  5.21e-11  -0.89 5.26e-11  0.78
CA ~ 0.7

45082 15100 2.99 0.19 1.55e-11  1.56e-11  1.55e-11 0.37 1.61e-11  3.35
60203 15100 3.99 0.15 2.49e-11  2.53e-11  2.51e-11 1.41 2.54e-11 1.24
75204 15100 4.98 0.12 3.59e-11  3.46e-11  3.52e-11  -3.85 3.57e-11 1.41
90316 15101 5.98 0.11 4.78e-11  4.60e-11  4.69e-11  -3.84 4.72e-11  0.72
105449 15100 6.98 0.09 6.09e-11  5.88e-11  5.99e-11  -3.49 5.99e-11 -0.02
CA ~0.9

45255 15100 3.00 0.24 1.94e-11 1.97e-11 1.95e-11 1.82 2.01e-11  2.57
59883 15100 3.97 0.19 3.06e-11  2.98e-11  3.02e-11 -2.80 3.12e-11  3.08
74922 15100 4.96 0.16 4.32e-11  4.29e-11  4.30e-11  -0.59 4.36e-11  1.37
90239 15100 5.98 0.14 5.74e-11  5.54e-11  5.64e-11  -3.63 5.75e-11  1.95
105660 15100 7.00 0.12 7.24e-11  7.10e-11  7.17e-11  -1.96 7.28e-11  1.50
Ch=1.0

45482 15101 3.01 0.30 2.32e-11  2.25e-11  2.29e-11  -3.07 2.32e-11  1.35
60343 15101 4.00 0.24 3.50e-11  3.63e-11  3.57e-11 3.70 3.63e-11  1.70
75293 15100 4.99 0.20 4.96e-11  4.91e-11  4.94e-11  -0.90 5.07e-11  2.66
89976 15100 5.96 0.17 6.47e-11  6.61le-11  6.54e-11 2.01 6.61e-11  1.05
105450 15100 6.98 0.15 8.30e-11  8.15e-11  8.23e-11  -1.93 8.37e-11  1.77

159



Table 5.9: Flow rates for He/Kr at C4 = 0.5010 as the function of the
pressure ratio at Pg ~ 15.1kPa through channels T1.

P4(kPa) Pg(kPa) Pa/Pg Kng J5(mol/s) Jg(mol/s) J¢(mol/s) A® J(mol/s) A

CA ~ 0.5

45275 15100 3.00 0.12 1.12e-11  1.09e-11  1.11e-11 -3.32 1.13e-11 1.87
59875 15100 3.97  0.10 1.81e-11  1.79e-11  1.80e-11 -0.89 1.78e-11 -1.24
74947 15100 4.96 0.08 2.57e-11  2.50e-11  2.53e-11  -2.84 2.54e-11 0.18
90320 15100 5.98 0.07 3.56e-11  3.45e-11  3.50e-11  -3.29 3.41e-11 -2.62
105832 15100 7.01 0.06 4.46e-11  4.40e-11  4.43e-11  -1.50 4.40e-11 -0.56

Table 5.10: Flow rates for He/Ar at different values of the concentration as
the function of the pressure ratio at Pg ~ 8.05kPa through channels T1.

P4(kPa) Pg(kPa) Pa/Pg Kng JG(mol/s) Jg(mol/s) J¢(mol/s) A° J(mol/s) A

OA ~ 0.1

31974 8050 3.97  0.17 7.63e-12  7.38e-12  7.50e-12  -3.50 7.29e-12 -2.88
40237 8050 5.00 0.14 1.04e-11  1.02e-11  1.03e-11  -1.97 1.04e-11 1.32
47965 8050 5.96 0.12 1.34e-11  1.33e-11  1.33e-11  -0.77 1.34e-11 0.74
56065 8050 6.96 0.11 1.68e-11  1.69e-11  1.68e-11  0.46 1.70e-11  1.03

CA ~ 0.3

32038 8050 3.98  0.20 8.52e-12 8.64e-12  8.58e-12  1.48 8.43e-12 -1.82
40155 8050 499  0.16 1.16e-11  1.16e-11  1.16e-11 -0.11 1.18e-11 1.14
47940 8050 5.96  0.14 1.47e-11 1.49e-11  1.48e-11 1.22 1.52e-11  2.80
56086 8050 6.97  0.12 1.93e-11 1.92e-11  1.92e-11 -0.66 1.91e-11 -0.56

OA ~ 0.5

32063 8050 3.98 0.23 9.82e-12  9.72e-12  9.77e-12  -1.02 1.00e-11  2.50
40143 8050 4.99 0.19 1.33e-11  1.37e-11  1.35e-11  2.62 1.38e-11 2.14
47955 8050 5.96 0.16 1.72e-11  1.72e-11  1.72e-11  -0.07 1.77e-11  2.53
55789 8050 6.93 0.14 2.24e-11  2.21e-11  2.23e-11  -1.54 2.18e-11 -1.96

CA ~ 0.7

31879 8050 3.96  0.28 1.20e-11  1.17e-11  1.18e-11 -2.76 1.20e-11 1.24
40248 8050 5.00 0.23 1.62e-11 1.61le-11  1.61le-11 -0.54 1.66e-11 2.57
47842 8050 5.94  0.20 2.07e-11  2.03e-11  2.05e-11  -2.04 2.10e-11  2.03
55793 8050 6.93  0.17 2.59e-11 2.5le-11  2.55e-11  -3.54 2.58e-11 1.10

CA ~0.9

31945 8050 3.97  0.36 1.48e-11 1.49e-11  1.48e-11  0.26 1.50e-11  1.26
40188 8050 4.99 0.30 2.02e-11  1.97e-11  1.99e-11 -2.62 2.06e-11  3.35
47947 8050 5.96 0.26 2.6le-11  2.60e-11  2.60e-11  -0.29 2.62e-11  0.62
55821 8050 6.93 0.23 3.17e-11  3.20e-11  3.18e-11  0.91 3.21e-11  0.85

species. The flow rates increase with increasing pressure drop. By compar-
ing the results of the two mixtures at the same concentration Cy = 0.5, it is
concluded that the flow rates of He/Kr are smaller than the corresponding

values of He/Ar due to the larger mass of Kr compared to Ar.
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Table 5.11: Flow rates for He/Kr at C'y = 0.5010 as the function of the
pressure ratio at Pg ~ 8.05kPa through channels T1.

P4(kPa) Pg(kPa) Pa/Pg Kng J5(mol/s) Jg(mol/s) J¢(mol/s) A® J(mol/s) A

CA ~ 0.5

31971 8050 3.97  0.19 7.97e-12  8.02e-12  7.99e-12  0.64 8.30e-12  3.70
40264 8050 5.00 0.15 1.13e-11  1.10e-11  1.11e-11 -2.13 1.14e-11 2.34
47974 8050 5.96  0.13 1.45e-11 1.40e-11  1.43e-11 -3.37 1.46e-11 2.03
55979 8050 6.95 0.12 1.77e-11  1.74e-11  1.76e-11 -2.14 1.75e-11 -0.21

5.5.6 Distribution of macroscopic quantities for T1

Figures 5.5 and 5.6 show the axial distributions of the pressures and the
concentrations for He/Ar and He/Kr mixtures with Cy = 0.5010 at down-
stream pressures Pg ~ 15.1kPa and Pg ~ 8.05kPa, respectively. The pres-
sure profiles exhibit a nearly non-linear character at Pg ~ 15.1kPa, which
is caused by the compressibility effects, i.e. the dependence of the dimen-
sionless flow rate on the rarefaction parameter. The concentration profiles
exhibit a concentration drop near the end of the channel in a similar manner
as for the rectangular ducts. Hence, the gaseous separation is also present in
this case. In the case of the smaller outlet pressure, Figure 5.6, the pressure
profiles are more linear compared to Figure 5.5, but they are not as linear as
in the case of channels R2. The reason of this difference is the different range
of the Knudsen number. The mixture exhibits the concentration drop also
at the smaller outlet pressure. Generally, the concentration drop is stronger
at larger pressure drops due to the larger driving force, which accelerates the
flow. The drop is also larger for He/Kr than He/Ar, as it is observed in
the case of channels R2. This feature is caused by the larger mass ratio of
the He/Kr mixture. In this case, the gaseous separation is expected to be

stronger.
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Figure 5.5: Distributions of the pressure (up) and the concentration (down)
for He/Ar (left) and He/Kr (right) mixtures with Cy = 0.5010 along
the axis of the channel for Pg ~ 15.1kPa for channels T1. The symbols
A,A,0, m,0 represent the results at Py/Pp = [2.99,3.96,4.95,5.98,6.69] and
[3.00,3.97,4.96,5.98,7.01] for He/Ar and He/Kr mixtures, respectively.
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Figure 5.6: Distributions of the pressure (up) and the concentration (down)
for He/Ar (left) and He/Kr (right) mixtures with Cy = 0.5010 along
the axis of the channel for P ~ 8.05kPa for channels T1.
bols A,A,0, m represent the results at Py/Pp = [3.98,4.99,5.96,6.93] and
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[3.97,5.00, 5.96,6.95] for He/Ar and He/Kr mixtures, respectively.
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Chapter 6
Conclusions

The scope of the thesis is the computational and experimental study of flows
of gas mixtures in microchannels. In the computational part, the flows
through long and short channels are considered in the whole range of the
gas rarefaction. The experimental part focuses on the flow rate measure-
ment of gas mixtures in various long microchannels in the transition and
early transition regions. The results are compared to the kinetic solution of
the flow problems.

The flows through long channels are described by the McCormack lin-
earized kinetic model. An accelerated discrete velocity method has been
developed in order to solve the kinetic equations on triangular grids, which is
used for the description of flows in triangular and trapezoidal channels. First,
the prototype of the model has been developed for single gases described by
the linearized BGK operator. A stability analysis has been established for
the discrete equations in the accelerated discrete velocity method in order
to study the computational performance of the scheme. The stability anal-
ysis and computer simulations have revealed that the accelerated method
has better computational performance near the hydrodynamic and in a sig-

nificant part of the transition regions than the standard one. By using the
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method, significant improvement is reached in terms of computational time
in the simulations. The accelerated method has been adopted for the sim-
ulation of flows of gas mixtures defined by the McCormack model through
triangular and trapezoidal channels. The McCormack model provides the
local information on the flow at a given cross section of the channel. To
deduce the global flow behaviours of gas mixtures, approximating and exact
flow rate calculators have been developed. These calculators use the kinetic
coefficients obtained from the local solution of the McCormack model. Typi-
cal flows of Ne/Ar and He/Xe have been simulated. The flow rates and the
axial distributions of the pressure and the concentration have been deduced.
It is shown that the flow exhibits the gaseous separation.

Flows through short channels are described by the non-linear Boltzmann
equation, which has been solved by the Direct Simulation Monte Carlo
method. Upgraded codes have been developed for the simulation of the flows
of gas mixtures through orifices, short tubes and slits. The codes use three-
level grids near the short channels and weighting zones for obtaining better
resolution and more uniform model particle density, respectively. By using
the codes, simulations have been executed for flows of Ne/Ar and He/Xe
mixtures at a wide range of flow parameters. The results are obtained for the
hard-sphere molecular model. The component and total flow rates have been
deduced in the simulations. It shown that the gas separation has a significant
impact on the flow. As the rarefaction increases, the lighter species acquires
larger speed than that of the heavier one. There are different dependencies
of the flow rates on the rarefaction for mixtures with smaller and larger mass
ratios. In the study, the axial distributions of the densities and the veloci-
ties of the species together with the temperature, the rarefaction parameter
and the Mach number have also been deduced. Generally, these quantities
exhibit rapid changes near the short channel. The flow can be high-speed at

large values of the pressure drop.
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In the experimental part of the thesis, the flow rates of He/Ar and He/Kr
gaseous mixtures have been measured through long microchannels with rect-
angular and trapezoidal cross sections. The flow rate measurement is based
on the constant volume method. The microchannels are placed between up-
stream and downstream reservoirs having different pressures. The flow rate
is determined from the pressure variations in the reservoirs. Measurements
have been carried out for a wide range of the concentration for He/Ar and
for a fixed concentration value for He/Kr mixtures. The pressure ratio is in
the range of 3 — 7. The total flow rates have been compared to the solution
of the McCormack model on the basis of the methodology developed in the
computational part of the thesis. A very good agreement has been reached
between the experimental and numerical flow rates, which justifies that the
McCormack kinetic model can be considered as a reliable approach for the
description of isothermal flows of gas mixtures in the considered parameter
range. The typical axial distributions of the pressure and the concentra-
tion of the mixtures have also been deduced. The pressure profiles are nearly
non-linear, while the concentration distributions are non-uniform. This latter
behavior is the clear manifestation of the non-negligible gaseous separation

in the microchannels.
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Appendix A

Collision integrals and viscosity

function

In the thesis, the realistic potential is used to define the transport proper-
ties of gaseous mixtures [35]. Here, the procedure of deducing the collision

integrals and the viscosity is presented.

A.1 Collision integrals

The improved principle of corresponding states [35] postulates that the in-
teraction potential between molecules of species a and § may be written

as
r * k *
Vi) = o ( 5= G Vi) (A1)

where f(-) is an universal function, €,3 and 0,5 are the characteristic en-
ergy minimum of the potential and the associated distance. The remaining
quantities C§ 5, pig, Voo are dimensionless material parameters. The in-
termolecular potential together with the density, the concentration and the
temperature of the mixture defines the collision integrals Qgﬁ The parame-

ters and the defining expressions in Ref. [35] are used to calculate the scaled

167



collision integrals QZ;, which are converted to the dimensionless forms of
ijﬁ These latter quantities are applied to deduce the collision frequencies
in the McCormack model. In all cases, the solution of the McCormack model

is carried out at temperature 7' = 300K.

A.2 Viscosity function

The viscosity for the mixtures He/Ar and He/Kr is also deduced from the
aforementioned ansatz. The values of the viscosity are used in the experi-
mental part of the thesis. The viscosity of a given mixture can be obtained

in accordance with Ref. [53] such that

¢, 1= C) . (A.2)

w(C) = nkT (— +
gs! Y2

By using this expression and the dimensionless collision integrals Qlof , the
ratio of the mixture viscosity p(C') and the reference viscosity of helium gy,
(C = 1), is calculated for a particular mixture. The dimensional viscosity
is deduced by 1/(C) = [u(C)/ el s, where e is the experimental vis-
cosity of helium on the basis of Ref. [35]. The interpolated value of uf""
is used at the valid temperature in the flow rate measurements. This treat-
ment is used for obtaining the viscosity for gas mixtures. For demonstrative
purposes, the viscosity function for He/Ar and He/Kr mixtures at various

concentrations and 7' = 299.2K is presented in Table A.1.
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Table A.1: Viscosity of He/Ar and He/Kr mixtures at different helium

concentrations C.

C (' (C) x 10° Pa s
He/Ar He/Kr
0.0 22.78 25.55
0.1 23.09 25.96
0.2 23.30 26.24
0.3 23.48 26.52
0.4 23.64 26.78
0.5 23.73 26.99
0.6 23.72 27.08
0.7 23.54 26.94
0.8 23.06 26.28
0.9 22.03 24.51
1.0 20.00 20.00
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Titre : Les écoulements des mélanges gazeux dans les microcanaux

Résumé : La sujet de la thése est I’étude numérique et expérimentale des
écoulements des mélanges gazeux dans les microcanaux. Dans la partie cal-
culatoire de la theése, les écoulements dans les canaux longs et courts sont
considérés. La description de 1’écoulement dans les microcanaux longs est
effectuée en utilisant le modeéle cinétique de McCormack. Une méthode ac-
célérée de vitesse discréte est développée pour résoudre le modéle de McCor-
mack pour les microcanaux avec des sections transversales triangulaires et
trapézoidales. En utilisant la méthode, les écoulements de mélange gazeux,
Ne/Ar, He/Xe, He/Ar et He/Kr, sont simulés pour différents parameétres
de I'écoulement. Les débits des différentes configurations sont calculés. Les
écoulements de mélanges gazeux dans les microcanaux courts sont simulés
en utilisant la simulation directe Monte Carlo. Des codes avancés sont dé-
veloppés pour simuler 1’écoulement de mélanges gazeux, Ne/Ar et He/Xe,
dans les microcanaux courts. Les débits des espéces gazeuses et du mélange
et la distribution axiale de densité, de vitesse et de température sont déduits
des simulations. La partie expérimentale est axée sur la mesure des débits de
mélange gazeux, He/Ar et He/Kr, dans les microcanaux rectangulaires et
trapézoidaux longs en utilisant la méthode de volume constant. Les débits
sont comparés a des calculs cinétiques. Un trés bon accord entre les débits
théoriques et expérimentaux est obtenu. Le bon accord démontre 'utilité du
modeéle de McCormack pour décrire I’écoulement isotherme dans les micro-

canaux. Il est démontré que le mélange se sépare dans le canal.

Mots-Clés : micro-écoulements gazeux, mélanges gazeux, modeéle cinétique
de McCormack, simulation directe Monte Carlo, mesure du débit, méthode

de volume constant, régime de transition



